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Abstract 

We discuss flux quantization and moduli stabilization in toroidal type IIB Zijy- or 
Tin x Zjvf -orientifolds, focusing mainly on their orbifold limits. After presenting a de- 
tailed discussion of their moduli spaces and effective actions, we study the supersymmetric 
vacuum structure of these models and derive criteria for the existence of stable minima. 
Furthermore, we briefly investigate the models away from their orbifold points and com- 
ment on the microscopic origin of their non-perturbative superpotentials. 
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1. Introduction 



Type //-orientifold models are phenomenologically interesting for a number of rea- 
sons. First, they provide a viable framework to derive models that exhibit many features of 
the standard model of particle physics, such as non-Abelian gauge bosons, chiral fermions 
and family repetition (for some reviews see The present paper will deal with type 
IIB orientifold compactificationsS. In this context, the standard model fields are living 
on the world-volume of Z>3-branes and/or Z>7-branes which may intersect each other in 
the internal dimensions. Second, by adding closed string 3-form fluxes via an effective 
superpotential Wfi ux || , many or even all of the geometric complex structure moduli plus 
the dilaton can be frozen [p|, |T0|JTT|] . At the same time, space-time supersymmetry may be 
spontaneously broken. Since the 3-form fluxes arise already at string tree-level, it is possi- 
ble to compute the pattern of the soft supersymmetry breaking parameters in the matter 



sector on the .D-branes flF2Hl8|l. Last but not least, the proposal of KKLT [[19] showed a 
promising possibility to freeze besides the complex structure moduli and the dilaton also 
all Kahler moduli through the effects of a non-perturbative superpotential W np . This su- 
perpotential can be induced by Euclidean Z>3-instantons and/or by gaugino condensation 
in some hidden gauge group sector. The scenario of KKLT has also far-reaching conse- 
quences in cosmology, since by lifting the potential by some other effects, e.g. by adding 
anti-branes, a small positive cosmological constant can be generated. Also string back- 



grounds with inflation in the early phase of the universe may have a similar origin |2C 



As pointed out in Ref. ||21[| , there exists a huge number of string ground states, called the 
string landscape. An observation, which motivates a statistical survey of all possible string 
vacua with fluxes [E2fl and also with .D-branes [E3" . 



Certainly being a very attractive scheme, there are still many open issues which should 
be addressed in the context of the KKLT proposal. The main question basically is, whether 
all moduli can be really stabilized in concrete and perhaps even semi-realistic orientifold 
models. Specifically, a semi-realistic model generically contains the following ingredients: 
after choosing a geometrical background space, in type IIB a (warped) compactification 
on M4 x Xq, with Xq being an orbifold or a Calabi-Yau space, an orientifold action is de- 
fined which reduces space-time supersymmetry from N=2 down to N=l in four space-time 
dimensions. Orientifolds imply orientifold planes (03/07-planes) with negative .D-brane 
charges, which require the presence of />3//>7-branes and/or 3-form fluxes, such that all 
tadpole cancelation conditions are satisfied, and N=l supersymmetry is preserved also 
in the open string sector of the theory. The next and also very important question for 
KKLT is whether Euclidean Z>3-instantons and/or gaugino condensation within the effec- 
tive Yang-Mills theory on the Z>7-branes can generate a non-vanishing non-perturbative 



1 For some recent work on type II A orientifolds with fluxes and fixed moduli see 0. 
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superpotential W np . The answer to this question is contained in the topology of the 
4-cycles (divisors) inside Xq, around which the D3/.D7-branes are wrapped. More specif- 
ically, for the Euclidean D3-brane instantons, the number of fermionic zero modes living 
on the world volume of a D3-brane must be equal to two. For the wrapped -D7-branes, 
the dynamics of open string non-Abelian gauge theory on a stack of D7-branes must allow 
for a non-vanishing gaugino condensate. Whether all sufficient requirements for W np are 
indeed satisfied depends however not only on the topology and geometry of the divisors 
inside Xq, but also on the chosen 3-form flux, which affects the number of fermionic zero 



modes on the L>3-branes as well as the open string spectrum on the L>7-branes fl24]-|30|l . 

Therefore the tree-level superpotential W^ uyi and the non-perturbative superpotential 
W np are not independent from each other but are rather intimately related. This obser- 
vation really tells us that it is not useful to disentangle the vacuum structure due to the 
3-form fluxes from the non-perturbative effects and vice versa. 

In this paper, we will not discuss in very great detail the microscopic origin of the non- 
perturbative superpotential W np , but leave this for a future publication |3~I|] . (Recently 



a concrete type I IB orientifold with all moduli fixed was constructed in []32[].) Only a 
few remarks at the end of the paper will address this question. Our main emphasis in 
this work is the investigation of the moduli-spaces and the vacuum structure of type IIB 
orientifold compactifications in their various toroidal orbifold limits. Hence we will simply 
assume the existence of a non-perturbative superpotential W np , which depends only on 
the untwisted Kahler moduli T % . The effects of blowing up the orbifold or the presence of 
blowing up Kahler moduli will be neglected, respectively postponed for future work J5T| 
(except for a short discussion at the end of the paper). So, W np (T l ) can be viewed as 
being the truncation of a more complete superpotential that contains all Kahler moduli. 
Nevertheless, several interesting questions can be addressed within the orbifold framework. 

The first issue which we will discuss is the careful parameterization of the moduli 
spaces of type IIB orientifolds in the various orbifold limits. The proper N=l supergravity 
definition of the closed string Kahler moduli T % and complex structure moduli in terms 
of the background metrics gij and Ramond 4-form C4 depends of course on the considered 
orbifold twists, but also on the underlying 6-dimensional group lattices. Moreover, the 
definition of the Kahler moduli of type IIB orientifolds is different from the one in heterotic 
compactifications. We also determine the associated tree-level effective action, and the 
possible 3-form fluxes in type IIB orbifolds. 

Second, in KKLT one assumes that the complex structure moduli are fixed by Wfl ux 
alone and then are integrated out assuming that they are heavy. In particular, the as- 
sumption is made that the flux vacua are still given through 3-form fluxes which are still 
imaginary self dual (ISD) and are of the Hodge types G^,i) and GV 0i 3). We will see 
however that the inclusion of the additional non-perturbative effects in the superpoten- 
tial besides the 3-form fluxes has the effect of generic supersymmetric AdS ground-states 
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being described by fluxes which are not anymore ISD with only G(p,,i) components, but 
will rather include also all IASD (imaginary anti self-dual) types as well (see also the 
discussion in p3fl). 

The third problem is related to the stability of the obtained supersymmetric vacua. 
Although stable AdS vacua generically allow for scalar fields with negative (mass) 2 , pro- 



vided the masses still fulfill the Breitenlohner-Freedman bound [g4| , the KKLT framework 
only works if all (mass) 2 eigenvalues of the fixed scalar fields are already positive in the 
AdS ground state. The reason for this stronger requirement is that otherwise, the uplift 
to a dS vacuum by adding a positive constant to the scalar potential would not work, i.e. 
would not lead to a stable dS ground state. However in concrete orientifold models, this 



stability criterion is far from being automatically satisfied, as already observed in [35]. 
We will discuss in which orbifold compactifications there is a chance to obtain stable AdS 
ground states with positive scalar (mass) 2 . 



This paper is organized as follows. Section 2 deals with the complex structures and 
Kahler moduli of the different Z^r and Z^r x ZM^orbifolds. Here, only orbifolds are treated 
which lead to models that allow tadpole cancellation. Without introducing torsion or vector 
structure, this is possible for the following orbifolds: Z 3 , Z 6 _/, Zg-j/, Zi 2 -i, Z 2 x Z 2 , 
Z 3 x Z 3 , Z 2 x Z 3 , Z 2 x Z 6 , Z 2 x Z 6 /, Z 3 x Z 6 and Z 6 x Z 6 . As for many of the orbifold 
twists, several torus lattices are possible and the complex structure depends on the lattice, 
the complex structures and Kahler moduli of different lattices are worked out. We also 
discuss the closed string low energy effective action, namely the Kahler potential of the 
moduli fields. Then, we determine 3-form fluxes and the 3-form flux induced tree level 
superpotential. In particular, we give a general introduction to 3-form fluxes and a list of 
all invariant flux components under all possible orbifold groups without discrete torsion. 
As a result, it turns out that only the IASD-Unx G( 3 ) and the ISD flux G( 0j3 ) are generic 
for all orbifolds. 

Section 3 will deal with the discussion of the (discrete) vacuum structure of the con- 
sidered orientifold compactifications. Due to the presence of the 3-form fluxes as well 
as the non-perturbative superpotential, all complex structure and Kahler moduli will be 
generically fixed at discrete values. We will see that due to the Kahler moduli depen- 
dent non-perturbative superpotential, the supersymmetry conditions on 3-form fluxes are 
changed compared to the pure flux case. Analyzing the stability properties of the asso- 
ciated scalar potential we will see that stable AdS ground states are not possible if the 
orbifold does not contain complex structure moduli regardless of the number of untwisted 
Kahler moduli present in W np . One needs at least one untwisted complex structure mod- 
ulus U for stability. We also comment on the integrating out procedure of the complex 
structure moduli, which can lead to inconsistent results, as it is the case for orbifolds with 
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just one complex structure modulus. Furthermore, we briefly discuss open string moduli 
and soft-supersymmetry breaking terms in the presence of W np . We show that e.g. the 
ratio of gaugino masses after inclusion of W np is given by the same quotient as without 
W np in a certain region in the parameter /moduli space. 

Section 4 contains a preliminary discussion on the microscopic origin of W np . We 
will discuss a set of conditions for a non- vanishing W np , like that for the case of gaugino 
condensation in the hidden gauge sectors on stacks of -D7-branes, the associated D7-brane 
divisors inside Xq must not intersect each other. These conditions are most naturally met 
if the orbifold singularities are resolved. These resolved orbifolds, their vacuum structures 
and other related issues will then be the topic of the forthcoming publication ]31 . 



Finally the two appendices A and B contain the technical details about the moduli 
spaces of the orientifolds, the definitions of the complex structure, the geometrical lattice 
structures which underlie the various orbifolds, and the possible flux solutions for the Zn 
and Zn x ZM-orbifolds. Appendix C gives the Cartan matrices of the relevant lattice Lie 
groups, and for completeness appendix D shows the definitions of the Kahler moduli on 
the heterotic side. 



2. Moduli space, tree-level effective action and 3-form fluxes in type IIB 
orientifolds 

2.1. Type IIB orientifolds of toroidal orbifolds 

We concentrate on orientifolds of type IIB compactified on the toroidal orbifolds 

Xq — , Xq = , (2.1) 

Zn Zn x Zm 

with the orbifold groups V = Zn and r = Zjv X Zm ■ To define the orbifold compactification 
Xq, we must specify the six-torus T 6 and the discrete point group V. We will restrict 
ourselves to orbifolds with Abelian point group without discrete torsion. The point group 
element 9 can then be written as 9 = expftiii^ 1 M 12 + i> 2 M 34 + v 3 M 56 )], where the 
are the generators of the Cartan sub-algebra and < \v l \ < 1, i = 1,2,3. To 
obtain N=2 supersymmetry, the point group V must be a subgroup of SU (3) . This gives 
us if 1 ± v 2 ± v 3 = 0. This condition together with the requirement that T must act 
crystallographically on the lattice specified by T 6 leads to T being either Zn with iV = 
3, 4, 6, 7, 8, 12 or Z M xZjv with N a multiple of M and iV = 2, 3, 4. Z 6 , Z 8 and Z 12 have 
two inequivalent embeddings in SO (6). We will use the standard embeddings, as given 
e.g. in [|36| . 



To obtain an N=l (closed) string spectrum, one introduces an orientifold projection 
QI n , with O describing a reversal of the orientation of the closed string world-sheet and 
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I n a reflection of n internal coordinates. For QI n to represent a symmetry of the original 
theory, n has to be an even integer in type IIB . Generically, this projection produces 
orientifold fixed planes [0(9— n) -planes], placed at the orbifold fixed points of T 6 /I n . They 
have negative tension, which has to be balanced by introducing positive tension objects. 
Candidates for the latter may be collections of D(9 — n)-branes and/or non-vanishing 
three-form fluxes H% and C3. The orbifold group Y mixes with the orientifold group fXZ n . 
As a result, if the group Y contains Z2-elements 9, which leave one complex plane fixed, 
we obtain additional 0(9 — \n — 4|)- or 0(3 + \n — 2|)-planes from the element QI n 9. 

In the following, only the two cases of n = 6 (03-plane) and n = 2 (07-planes) will be 
relevant to us. Without introducing torsion or vector structure, tadpoles may be completely 
cancelled by adding L>3/-D7-branes, provided the orbifold twist Y is Z 3 , Z 6 _/, Zg-Lr, Z7 
or Z12-7 Furthermore, from the Zn x ZM^orbifolds, only the twists Z2 x Z2, Z3 x 

Z3, Zq x Zg, Z2 x Z3, Z2 x Ze, Z2 x Zg and Z3 x Zq allow for tadpole cancellation in the above 



setup [p8| . This is to be contrasted with type II A intersecting L>6-brane constructions, 
where it has been recently shown that essentially all orbifold groups Y allow for tadpole 
cancellation due to the appearance of only untwisted and Z 2 -twisted sector tadpoles |3J| . 

2.2. Closed string moduli space 

The geometry of the orbifold Xq is described by ^i^)^) Kahler moduli T l and 
h(2,i){X§) complex structure moduli U\ which split into twisted and untwisted moduli. 
In the following, the dimension of the latter is denoted by h^^^X^) and ^'(Xq), 
respectively. In addition, there is the complex dilaton field S: 

S = i Co + e^ 10 , (2.2) 

with (fiio the dilaton field and Cq the Ramond scalar in D = 10. The parameter space of 
£ is locally spanned by the coset 

Furthermore, we have: e~^ 10 = e~^ 4 Vo/^g) -1 / 2 , with VoI(Xq) the volume of the com- 
pactification manifold Xq. 

Without .D-brane moduli, locally the closed string moduli space M. is a direct product 
of the complex dilaton field S, the Kahler M. K and complex structure moduli M.cs 
(see also Refs. 0): 

M=M s ®M K ®Mcs ■ (2.4) 
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The Kahler metric for the moduli space Ai derives from the Kahler potential 
K = - ln(S + S)-2K K - K CS 

= -\n(S + S) -2 \nVol(X 6 ) J 3 A0 3 j , 

with ^3 the holomorphic 3-form of the manifold Xq and VoI(Xq) its volume. Above 
Kjc represents the Kahler potential for the Kahler moduli T l and Kqs the corresponding 
Kahler potential for the complex structure moduli W . 

Depending on the numbers i ^j^n' °f untwisted Kahler T l and complex struc- 

ture moduli W , the generic (untwisted) moduli spaces M.K.-, M-cs appearing in toroidal 



orbifold compactifications are described by the following six different cosets [42-45 



q i untw. 

Luntw. o ^untw. n 1 Q . KA 

fsu(i,i)Y fsu(i,i)\ n ^ 

\x,x) = 3 , ^(2,i) =0,1,3. M K =y v ^ J , M CS = ^ JJ ^ 

SU{2,2) (SU{\,V 



hffiy = 5 , hffi = 0, 1 : M K = 0TU ^:,~ )- T ):L, T777\ x 



M 



cs 



SU(2) x SU(2) x £7(1) V. U{1) 
fSU(l,l) 



(2,1) 



1) 

S77(3,3) 



h ™ = 9 ' h ™ = ° : Mk ~ SU(3) x SU(3) x [7(1) ■ 

(2.6) 

The numbers M^T) > ^pTj' depend both on the orbifold group Y and the underlying torus 
lattice T 6 fr£5 ]. A list of representative orbifold examples, relevant to us in the following, 
is given in Table 1 and 2. 



Tin 


Twist r 


Lattice T 6 


l untw. 

"■(1,1) 


i untw . 
"(2,1) 


■l twist . 

"(1,1) 


^ twist. 
"(2,1) 


z 3 


/"7( 2 ) 7(2) <7( 2 )\ 
1^3 J ^3 ' ^3 J 


57/(3) 3 


9 





27 







f 7(2) (7(2) /7(2)\ 
l~3 > ^6 ) ^6 J 


577(3) x G\ 


5 





24 


5 






G 2 x 517(3)? 


5 





20 


1 




(yW 7 (1) 7 (2) 7 (2)x 


577(2) 2 x 57/(3) x G 2 


3 


1 


32 


10 




1^2 ) ^3 ' ^6 J 


57/(3) x 50(8) 


3 


1 


26 


4 




^7(1) 7(1) 7 (4)n 
1^2 ! ^2 ' ^3 ) 


SU{2) 2 x 577(3) x SU(3) t 


3 


1 


28 


6 






577(2) x 577(6) 


3 


1 


22 





z 7 


(4 6) ) 


57/(7) 


3 





21 





Zl2-7 


( zf,z^) 


577(3) x F 4 


3 





26 


5 


Z12-J 




#6 


3 





22 


1 



Table 1: Twists, lattices and Hodge numbers for Zn orbifolds. 
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The Hodge-numbers for the x ZA/-orbifolds may be found in Ref. 



Z N > 


Zm 







Luntw. 

"(1,1) 


inntw. 
(2,1) 


L twist . 

"(1,1) 


itwist. 
(2,1) 


z 2 


X 


z 2 




:i 


0, 


-1) 


1(0,1, 


-1) 


3 


3 


48 





z 3 


X 


z 3 






0, 


-1) 


1(0,1, 


-1) 


3 





81 





z 6 


X 


z 6 




% 


0, 


-1) 


1(0,1, 


-1) 


3 





81 





z 3 


X 


z 6 






0, 


-1) 


1(0,1, 


-1) 


3 





70 


1 


z 2 


X 


z 3 






0, 


-1) 


1(0,1, 


-1) 


3 


1 


32 


10 


z 2 


X 


z 6 






0, 


-1) 


1(0,1, 


-1) 


3 


1 


48 


2 


z 2 


X 


Z 6 / 


1 


11 


0, 


-1) 


1(1.1. 


-2) 


3 





33 






Table 2: Twists 6,uj and Hodge numbers of Zn X Zm orbifolds. 



The corresponding Kahler potentials for the spaces (|2.6|) are known from heterotic string 



compactifications [[43 



t untw. 
"(1,1) 



■l untw. 
"(1,1) 



t untw . 
"(2,1) 



■l untw. 
"(2,1) 



0,1,3: ^ = -^ln(T l + T l 



t untw. 

(2,1) 



K CS 



i=i 



J2 Mu J +u 3 



0,1: K 



K 



- lndet(T lJ + T' J ) - ln(T b + T 

i untw. 
(2,1) 

3=1 

-lndet(T^ +T J ) . 



7=5 s 



K CS 



l untw. 
"(1,1) 
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r untw. 
"(2,1) 



: K 



K 



(2.7) 

What is less known is the parameterization of the moduli fields T l ,W z in terms of the data 
of the torus, i.e. the real metric g and the discrete symmetries of the underlying effective 
field theory. It is this aspect among others we shall elaborate in more detail in this section. 

There is one important difference when compactifing the heterotic and type IIB string 
on the same six-manifold Xq. In the heterotic string, the complexification of the Kahler 
moduli T % is achieved through the Neveu-Schwarz antisymmetric tensor B2, while in the 
orientfolds we discuss here, this is accomplished with the Ramond 4-form C4. Moreover, 
while the string-theoretical moduli fields T l define proper complex scalar s of chiral N=l 
multiplets in D = 4 heterotic compactifications, they do not enjoy this property in type 
IIB orientifolds. More precisely, in type IIB the axionic part of the complexified Kahler 
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modulus T l is given by some internal component of the Ramond 4-form C4, i.e. the 4- 
cycle integral j c C4, while for the heterotic compactification on the same manifold Xq, 
the Kahler moduli are complexified with some internal part of the NS 2-form B2, i.e. 
f c B 2 , with some 2-cycle Cj. Since /i(2,2)(^6) = fyi,i)(^6) 5 from the cohomological point 
of view, there is not much difference, as the 2-form uj{, which appears in the expansion of 
B2, is the Poincare dual of the 4-cycle C^. An other peculiarity in type IIB orientifold 
compactifications with wrapped D7-branes is that the Kahler moduli T l following from 
the geometry of the manifold Xq do not represent scalars of chiral N=l multiplets in 
D = 4. One has to define new moduli T l , which refer to the underlying effective field 
theory and lead to the correct effective field theory description. In fact, a quite general 
formula may be given, which relates the fan 1) string theoretical moduli fields T l to their 
field-theoretical analogs T l (for more details cf. subsection 2.5): 

Here, VoI{Xq{T^)) is the volume (in string units) of the internal manifold Xq expressed 
in terms of the Kahler moduli T J , defined in type IIB on Xq. 

As we may see from the list ( |2.6| ), the complex structure moduli space is much simpler, 
as this space only consists of factors of ^tht^ ■ Furthermore, in many of the orbifold exam- 
ples, the complex structure moduli W are fixed through the orbifold twist, i.e. = 0- 
Only in the case when the orbifold has Z2-subelements, some U l remain unfixed. Except 
for the twist Z2 x Z2, there may only exist one such Z2-element in order to preserve N=l 
supersymmetry in D = 4. Hence, for Z2 x Z2 we have h^^' = 3, while all other orbifolds 
with Z2-elements have h^^' = 1- On the other hand, in type IIB orientifolds the com- 
plex structure moduli U l following from the string background Xq already describe scalars 
U l of N=l chiral multiplets in D = 4. Hence, we have: 

U" = W , i = \,...,h$fi- . (2.9) 

2. 3. Background parameterization of geometric moduli in orientifolds of type IIB 

For the above orbifolds (with (— 1) Fl IqVL orientifold projection) we now want to find 
the parameterization of the (untwisted) Kahler T l and complex structure moduli U l in 
terms of their torus metric g and their 4-form background C4. This classification is inter- 
esting on its own as it allows to study the modular symmetries of those compactifications. 
As we have already reported, in the type IIB orientifolds we are discussing, the Kahler 
moduli T % are complexified with components of the Ramond 4-form C4, while for heterotic 
compactification the Neveu-Schwarz 2-form B2 is relevant. Since h(2,2){Xo) = ha^^g), 
from the cohomological point of view, there is not much difference, as the 2-form Ui, 
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which appears in the expansion of B2, is the Poincare dual of the 4-cycle Cj. Hence, in 
the following, in particular in appendix A we shall very often derive benefits from this 
correspondence. 

All we need to know about the lattices T 6 is contained in the Cartan matrix of the 
respective Lie algebra. The matrix elements of the Cartan matrix are defined as follows: 

where the ei are the simple roots. All Cartan matrices that will be needed here can be found 
in appendix D. The above orbifolds are all Coxeter orbifolds, i.e. the twist L corresponds 
to the Coxeter element of the Lie algebra. It is given by successive Weyl reflections with 
respect to all simple roots: Q = SiS2...S ran k, where the Weyl reflections are given by 

S 4 (x) = x-2£^U. (2.11) 

Generalized Coxeter automorphisms are obtained by combining Weyl reflections with outer 
automorphisms, which are generated by transpositions of roots that are symmetries of the 
Dynkin diagram. Py denotes the transposition of the z'th and j'th roots. The lattices 
marked with b and |j are realized as generalized Coxeter twists, the automorphism is in the 
first case S1S2S3S4P36P45 and in the second Si £2*5^34 £5 £6 • 

The orbifold twist L may be represented by a matrix Qij , which rotates the six lattice 
basis vectors: ej — > Qji ej. Once we have determined the Coxeter element Q via ( |2.11j ) 
and the Cartan matrix of the lattice in question, its metric g can be obtained through the 
requirement that the orbifold twist must leave the scalar product invariant i.e. : 



Q t gQ = g. (2.12) 

We obtain the form of the metric in the lattice basisi. The metric is conveniently pa- 
rameterized via the lengths of the basis vectors and the angles between them: (e^e^) = 
RiRj cos 9ij. The form of the antisymmetric tensor b is obtained in the same fashion, by 
solving 

Q t bQ = b. (2.13) 



2 Speaking of the lattice basis is a bit misleading, as the orbifold twists generically allow more 
degrees of freedom in the lattice {i.e. Kahler and complex structure moduli) than the Lie group, 
which leaves only the overall normalization of the lattice vectors unfixed. So when we speak of 
the lattice basis we mean the basis that captures the extra degrees of freedom of the orbifold and 
not the basis of the root lattice. 
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By now we also know the number of untwisted Kahler and complex structure moduli: We 
count the number of independent deformations d allowed by the solutions of Q l gQ = g 
and Q l bQ = b. The orbifold has db untwisted Kahler moduli and \{d g — dt>) untwisted 
complex structure moduli. 

To find the actual dependence of the Kahler and complex structure moduli on the 
degrees of freedom following from the above described parameterization g, C4 (or b) in 
the lattice basis, one has to go into a complex basis {z l }i=i,2,3, where the twist Q acts 
diagonally on the complex coordinates, i.e. G : dz l — > e 2lTlv dz l , with the eigenvalues v l 
introduced after Eq. (|2.1| ). To find these complex coordinates we make the ansatz 



dz i = a\ dx 1 + a\ dx 2 + a\ dx 3 + a\ dx 4 + 4 dx 5 + a\ dx 6 (2.14) 

and solve the equation Q f dz % = e 2iriv dz l which fixes dz l up to some constant factors. 
For convenience, we usually choose a normalization such that the first term comes with 
coefficient one. In addition, the ansatz ( p. 14] ) should yield a Hermitian metric, i.e. we 
require the identity: ds 2 = g^ dx 1 <g> dx 3 = 7 dz % <8> dz J . After having introduced the 
complex coordinates dz l , which define the complex structure moduli U % , we write down 

^(2,2)(^6) 

the Kahler form J = g^ dz % A dz J and the anti-symmetric 4-form C4 = c l di 

13 ' i=i 

(or the 2-form B2 = b~ dz l A dz J = ^ b % u>i on the heterotic side). Here, the u>i 

i=i 

represent a basis of twist-invariant 2-forms of the real co ho mo logy H 2 (Xq : Z), while the 

di supply a twist-invariant basis for H 4 (Xq, Z). On the heterotic side, the Kahler moduli 

^(1,1) (-Xe) 

T l are defined via the pairing J + i B = ^2 T l Ui. On the other hand, following the 

i-l 



discussion after Eq. Q2.7 ), in type IIB we may define the Kahler moduli T l : 



r= J + i / C 4 , i = l,...,h {hl) (X 6 ) , (2.15) 

with the 2-cycle C\ and the 4-cycle C\. The Poincare dual 2-form of C\ is Hodge-dual to 
the Poincare dual 4-form of C|. This is way both cycles C\, C\ carry the same index. The 
first term j ci J of T l describes the volume of the 2-cycle C\. In subsection 2.5 we shall 
relate the latter to the volume of the 4-cycle C|, which enters in the holomorphic moduli 
fields T l (cf. Eq. Q). 

As an illustrative example, we shall now work out the parameterization of the metric 
moduli of a Zat x Zj^-orbifold. All the Zn x Z^-twists can be realized by automorphisms 
on either SU(3) or G 2 -sublattices. For x Zj^-orbifolds, we are looking for a complex 
structure that is compatible with the two different twists as well as the combination of 
the two. The constraints are more stringent than in a simple Z^-twist, therefore the 
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resulting lattices have less degrees of freedom. While the case Z 3 x Z 6 is treated here, 
for Z 3 x Z 3 , Z 2 x Z 6 , Z 2 x Z 6 / and Z 6 x Z 6 the reader is referred to appendix A. The 
Z 3 x Z 6 -orbifold has the following two twists: 



Qi 
Q2 



e 2mvl z z 



e 2iriv l 2 z % 



1 

3 




: 
1 

6 



v 3 

v 2 



1 

3 
1 

6 



(2.16) 



The combined twist Qs = Q2Q1 is a Z 6 _//-twist: 



Qz 



e 2irivl z % 



3 6 



2 1 

w 3 = 77 

6 6 



o o 

3 6 



(2.17) 



We know that the Z 6 _//-twist can live on (SU(2)) 2 x 577(3) x G 2 , its action on the root 
lattice is worked out in the appendix A. A two-dimensional Z 3 -twist lives on the SU(3)- 
lattice, while a two-dimensional Zg-twist lives on the G^-lattice. Knowing all this, it is 
possible to construct the following twists: 



Qiei=e 2 , Qie 2 = -ei-e 2 , <5ie 3 =e 3 , Q 1 e 4 = e 4 , 
Qi e 5 = e 5 + 3e 6 , Qi e 6 = -e 5 - 2 e 6 , 

<?2ei=ei, Q 2 e 2 = e 2 , Q 2 e 3 = 2 e 3 + 3 e 4 , Q 2 e 4 = -e 3 - e 4 , 
Q 2 e 5 = 2e 5 + 3e 6 , Q 2 e 6 = -e 5 - e 6 . 



(2.18) 



The twist on e$, in Qi is minus the anti- twist of the usual Coxeter-twist on G 2 , while 
all other twists are the usual Z 2 , Z 3 and Z 6 -twists on their respective lattices. The twists 
reproduce the correct eigenvalues and the conditions Q\ = 1, Q\ = 1. The combined twist 
Qs has the form 

<23ei = e 2 , Q3e 2 = -e 1 - e 2 , 

Q 3 e 3 = 2e 3 + 3e 4 , Q 3 e 4 = -e 3 -e 4 , (2.19) 
Q3 e 5 = -e 5 , Q 3 e 6 = -e 6 , 

which is as just mentioned a Z6-//-twist, namely the one on the lattice SU(2) 2 x SU(3) x 
G 2 . As before, we require the metric to be invariant under all three twists, i.e. we impose 
the three conditions QfgQi = g, % = 1, 2, 3. This leads to the following solution: 



9 = 



( 


R\ 


1 p2 













-\R\ 


R\ 



















Rl 


1 p2 













1 p2 


1 p2 
3^3 



















Rl 


\ 














1 p2 
- 2 it 5 



\ 





_ 1 p2 

l 2 / 

3^5- ' 



(2.20) 
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This corresponds exactly to the metric of SU(3) x (G 2 ) 2 without any extra degrees of 
freedom. The corresponding solution for b has the form 



b = 



( 
















N 


-bt 




























bs 
















-b 3 




























-b 5 


V 














-h 


/ 



(2.21) 



We have three Kahler moduli while the complex structure is completely fixed. We find the 
following complex coordinates: 



dz 1 = 3 1 / 4 (dx 1 + e 2 ^ 3 dx 2 ) , 
1 

1 



dz 2 = dx 3 + ^ e 5 ™ /6 cte 4 



(2.22) 



dz 3 = dx 5 + ^ "~ 57Tl 



The invariant 2-forms in the real cohomology are simply dx 1 Adx 2 , dx 3 Adx 4 and dx 5 Adx 6 . 
The Kahler form in complex coordinates has the form 



-iJ = —=R\ dz 1 A dz 1 + R\ dz 1 A dz 1 + R\ dz 3 A dz 3 . 
v3 

Expressed in the real cohomology, it takes the form 

J = — R\ dx 1 A dx 2 + — ^ Rl dx 3 A dx 4 + — ^ Rl dx 5 A dx 6 
2 1 2VS 3 2v/3 



(2.23) 



(2.24) 



So via the pairing J + i B = T l Ui in the real cohomology, we find the three Kahler moduli 
to take the following form 



r 2 



T 3 = 



i 



2\/3 
1 

2V3 



Rj + i c 2 , 



^5 + i c 3 



(2.25) 



after translating the heterotic components of B 2 into the respective components of the 
Ramond 4-form C4, i.e. q ~ 6^. 

We shall in the following derive the Kahler moduli and complex structures for the 
Zjv-orbifolds, which allow for tadpole cancellation without introducing torsion or vector 
structure, i.e. Z7, Z 6 _/, Z 6 _// and Z12-7, in appendix A. The Z 2 x Z 2 and Z 3 -orbifolds 
are treated in the next subsection. 
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2-4- Parametrization of coset spaces with more than three Kahler moduli 

After having presented the general procedure of how to find the parameterization of 
the metric moduli in terms of the backgrounds g, C 4 (or b in the heterotic case), in this 
subsection we shall demonstrate this on some selected orbifold examples which have more 
than three (untwisted) Kahler moduli. The simplest realization of the Kahler moduli spaces 

M _ ( SU(1,1) \ 3 M _ SU(2,2) ( SU(11) \ „ nd KA _ SU(3,3) 

MK — y (7(i) J ) MK — SU(2)xSU(2)xU(l) X ^ UJJ) J dUU JVl K ~ SU(3)xSU(3)xU(l) ' 

given m Eq. (U), are the toroidal orbifolds T 6 /Z 2 X Z 2 , T 6 /Z 4 and T 6 /Z 3 , respectively. 
Let us present the parameterization of their Kahler moduli in terms of their backgrounds 
g, C 4 for type IIB orientifolds. 

Kahler moduli space M.^. = ( ST jj\}^ ) 

This Kahler moduli space Aijc is realized e.g. in the Z 2 x Z 2 type IIB orientifold, 
with the twists Qi, Q 2 

Qi '■ ei 2 — > — ei 2 , e 3 4 — > — e 4 5 , e 5 6 — >■ e 5 6 , 

(2.26) 

Q2 : ex,2 — ► — ei,2 , e 3j 4 — ► e 4i5 , e 5j6 — ► —65,6 

acting on the integral basis {e^} of the torus T 6 . According to ( |2.12| ), the twists Qi,Q 2 
only allow for a factorizable lattice, i.e. T 6 being a direct product of three 2-tori, i.e. 
T 6 = ®j =1 T 2 ' J , with the metrics g J . Each individual 2-torus T 2,3 has one Kahler modulus 
T 3 and one complex structure modulus W describing the real parameters of the metric 
g 3 . The complex structure moduli are given by: 

W = ^-(V^tgl + i9i 2 ), with: g 3 = ( 9 f 9 }A. (2.27) 

g n \9l2 922/ 

Some of these moduli may be fixed through the orbifold group resulting in hfiffi" complex 
structure moduli U 3 entering (|2.5|). The real part of the Kahler modulus T 3 describes the 



size detg 3 of the subtorus T 2,J , i.e. Re(T J ) = a/ det g 3 . The twist-invariant 4-form C 4 
is given by 

C 4 = c 1 dx 2 A dy 2 A dx s A dy 3 + c 2 dx 1 A dy 1 A dx s A dy 3 + c 3 dx 1 Ady 1 Adx 2 Ady 2 . (2.28) 

The Kahler modulus T 3 is complexified with the internal part of the Ramond 4-form C 4 , 
i.e. Im(T J ) = j C 4 = e Altogether, the three Kahler moduli T 3 for the coset A4jc 



are: 



T j = ic'' + Vdet ^ , j = 1, 2, 3 . (2.29) 
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The type II B Kahler potential K K is (cf. Eq. (CT): 



i^ = -ln^oZ(X 6 ) = - J] In 



i=l 



(T 4 + T) 



(2.30) 



According to i?g. ( |2.8|) , the moduli T have to be translated into the holomorphic coordi- 
nates TK With Vol(X 6 ) = Re(T 1 )Re(T 2 )Re(T 3 ), we obtain 0: 



T J = i c 7 + Re(T ) Re(T ) , (j, k, I) e (1, 2, 3) . 



2.31) 



In terms of these holomorphic coordinates T J the Kahler potential ( |2.5| ) becomes: 



K = -\n(S + S)-J2 ln 



1 



(T* + T*) 



untw . 
l (2,l) 



^ ln(£P + £/ J ) 
i=i 



(2.32) 



if d'/iter modn/z space A4/c = s^(2)xg[/ 2 ('2 2 )xt/(i) ® (^TF 



Let us move on to the special Kahler moduli space M.k.i which may be realized e.g. 
in the Z4-orbifold with the twist v % = |(1, 1, —2). For concreteness we assume the twist 
to act block-diagonally within the six-torus T 6 and the latter to be factorizable into 
T 6 = T 4 ®T 2 . Then the Z2-element of the twist entirely acts in the 2-torus. The complex 
structure modulus for the latter is defined as in Eq. ( |2.27| ). The real part of the Kahler 
modulus T 5 of the 2-torus T 2 describes the volume of this torus. The complexified Kahler 
modulus T 5 gives rise to the extra factor (^^j^j^j of M.k and will be given in a moment. 

On the other hand, the parameterization of the four Kahler moduli T 1 - 7 , z, j = 1, 2 
in terms of the lattice properties of T 4 need some more work. According to ( J2.12[ ) the 
orbifold twist Q, which acts through 



Q : ei — > e 2 , e 2 — > -e.\ , e 3 — > e 4 , e 4 
on the root basis {e^} of T 4 allows for the four metric components 



-e 3 



(2.33) 



/ 9n 5-13 -#i4 \ 

gn #14 #13 

#13 #14 #22 

V-#14 #13 5-22 



(2.34) 



Following (|2.14| ) , we introduce complex structures and the complex coordinates z x ,z 2 - 



dz 1 = —= (dx 1 + i dy 1 ) 
V2 



dz 2 = —= (dx 2 + i dy 2 ) 
V2 



(2.35) 
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W.r.t the latter, the twist ( |2.33| ) acts diagonally, i.e. : z 1 — > zz 1 , z 2 — > zz 2 , with the 
twist eigenvalue i. In these complex coordinates the Kahler form J = dz 1 Adz J becomes 



-i J = gn dz 1 A dz 1 + g 22 dz 2 A dz 2 + Re(T 5 ) dz 3 A dz 3 
+ (9i3 ~ i #14) dz 1 A dz 2 + (#13 + i # M ) cfe 2 A dz 1 , 



(2.36) 



or expanded w.r.t the integer cohomology H 2 (Xq, Z): 

J = gn dx 1 A dy 1 + #22 dx 2 A dy 2 + Re(T 5 ) dx 3 A d# 3 
+ #14 (dx 1 A dx 2 + dy 1 A dy 2 ) + #i 3 (dx 1 A dy 2 - dy 1 A dx 2 ] 



(2.37) 



The 4-form C4 may be expanded w.r.t. the twist-invariant elements of the integral coho- 
molgy # 4 (T 6 ,Z): 

C 4 = ci dx 2 A dy 2 A dx 3 A <i# 3 + c 2 dx 1 A cfa/ 1 A dx 3 A dy 3 + c 5 dx 1 A dy 1 A dx 2 A dy 2 
- - c 3 (dx 1 A cfx 2 A dx 3 A dy 3 + dy 1 A d# 2 A dx 3 A dy 3 ) 



+ 7; c 4 (dy 1 A dx 2 A dx 3 A d# 3 - dx 1 A d# 2 A dx 3 A dy 3 ) 



(2.38) 



which becomes: 

C 4 = -ci dz 2 A dz 2 A dz 3 A dz 3 - c 2 dz 1 A dz 1 A dz 3 A dz 3 - c 5 dz 1 A dz 1 A dz 2 A dz 2 
+ i (c 4 - ic 3 ) dz 1 A dz 2 A dz 3 A dz 3 — - (c 4 + ic 3 ) dz 1 A dz 2 A dz 3 A dz 3 . 

Thus, we are lead to define the following Kahler moduli in type IIB : 

T 1 =gxx+ic x , T 2 = #22 + ic 2 , T 5 = Re(T 5 ) + i c 5 , 



(2.39) 



= gi3 + i c 4 , T 4 = #14 + ic 3 . 



(2.40) 



The Kahler potential for the Kahler moduli T J may be easily obtained from the volume 
form: 



K K = -lnVol(T 6 /Z 4 ) = - In 



J A J A J + ln4 



= -ini |(T 5 + r 5 ) [(T 1 + r 1 )(T 2 + T 2 )-(T 3 + r 3 ) 2 -(T 4 + T 4 ) 2 ]} + ln4. 

(2.41) 

Note, that Vol(T 6 /Z 4 ) = 1/4 Vol(T 6 ). Besides, the piece in the bracket • •] is the volume 
v / det# = #11 #22 — #13 — #14 of the 4-torus T 4 . The holomorphic field-redefinition 

f 3 = T 3 + i T 4 = g 13 + ig 14 + ic 4 -c 3 , T 4 = T 3 -iT 4 = # i3 - ig 14 + ic 4 + c 3 (2.42) 
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would lead to the Kahler potential: 



K 



7=5 s 



In <^ (T° + T 



(T 1 + T X )(T 2 + T z ) - (T 3 + 7)(J~ + T 4 



-=2 



= -ln(T 5 + T 5 )-lndet(T + Tt) , T = ^) 



(2.43) 



This form of the Kahler potential reproduces the formula given in ( |2.7| ) with the moduli 
fields T* parameterized by the underlying string background. The two different forms 
( |2.41| ) and ( |2.43| ) simply reflect the isomorphy 



SU {2,2) 



g °( 4 . 2 ) Finally 

SU{2)xSU{2)xU{l) — SO{1)xSO{2)' rmdli y ? 

with the relation ( |2.8| ), we obtain the correct relations between the string-theoretical mod- 
uli fields T l and the field-theoretical fields T l . With 



Vol(X 6 



(T 1 + T )(T 2 + T ) - (T 3 + T ) 2 -(T 4 +T 



we obtain the following field-theoretical moduli fields: 

„o 1 



T l 



(T 2 + T 2 ) (T 5 + T 5 ) + i c\ , T 2 = 
1 — 3 , n= 3 \ (n-5 , , „• „ rpl 



(r^r 1 ) (r 5 + T°) + z C2 , 

■1 (T 4 + T 4 ) (T 5 + T 5 ) + zc 4 
lb 



t=5 n 



32 



lb 





32 



{T l +T X ) (T 2 + T z ) - (T 3 + T 



t=2 , 



+ i c 5 . 



(2.44) 



The Kahler potential ( |2.5| ), written in terms of these fields, becomes: 
k 4 2 K = — ln(S + 5) + Kcs - In 4 



In | (T 5 + T £ 



(T 1 + T^(T 2 + T 2 ) — - (T 3 + /' 



3 ^_i (T 4 + y 4 ) 2 
4 ' 



(2.45) 



Kahler moduli space M.jc 



SU {3,3) 



SU{3)xSU{3)xU{l) 



The simplest realization of this moduli space A4k. appears in the Z3-orbifold with the 
block-diagonal orbifold action: 



Q : ei — > e 2 , e 2 — ► — ei— e 2 



e 3 



e 4 , e 4 



-e 3 -e 4 



e 5 



• e 6 , e 6 — ► -e 5 -e 6 . 

(2.46) 

on the six roots {e^} describing the six-torus T 6 . According to (|2.12| ) this twist allows for 
the metric background 



9 



( 9n 
~\ 9ii 

913 

911 

915 
916 



~2 9u 


913 


9u 


915 


916 


\ 


9n 


~9i3 ~ 9n 


913 


—915 — 916 


915 




913 ~ 9n 


933 


- 2 #33 


935 


936 




913 


- 2 #33 


933 


—935 — 936 


935 




915 ~ 916 


935 


~935 — 936 


955 


-5 955 


1 


915 


936 


935 


~2 955 


955 



(2.47) 
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characterized by nine metric parameters. Following ( 2.14 ) we introduce complex structures 
and the complex coordinates z 1 , z 2 , z 3 



1 



dz 1 = —j= (dx 1 + p dy 1 ] 



dz 2 = (dx 2 + p dy 2 ) , dz 3 = (dx 3 + p dy 3 ). (2.48) 



W.r.t. them, the twist ( |2.46Q acts diagonally, i.e. © : z 1 — > pz 1 , z 2 — ► pz 2 , z 3 — ► pz" 
with p = e^ 1 . W.r.t. these coordinates the Kahler form J becomes: 

3 3 3 

—i J = - gn dz 1 Adz 1 + - g 33 dz 2 A dz 2 + — g 55 dz 3 A dz 3 



- V3i (p #13 - #14) dz 1 A dz 2 - V3i (p g 15 - g 16 ) dz 1 A dz 3 

- V3i (p g 35 - g 36 ) dz 2 A dz 3 + V3i (p gi 3 - #14) dz 2 A dz 1 
+ V3i (p gi5 - gw) dz 3 A dz 1 + V3i (p g 35 - g 36 ) dz 3 A dz 2 

Expressed w.r.t. the integer cohomology H 2 (X e , Z) we obtain: 

\/3 1 1 v^3 o j 2 v^3 o o 

— g n dx Ady + — g 33 dx A dy + — g 55 dx A dy 

1 



(2.49) 



V3 



[(g 13 + 2g 14 ) (dx 1 A dx 2 - dy 1 A dx 2 + dy 1 A dy 2 ) - (2 g 13 + g 14 ) (dx 1 A dy 2 - dy 1 A dx' 



— [(#15 + 2g 16 ) (dx 1 A dx 3 - dy 1 A dx 3 + dy 1 A dy 3 ) - (2 g 15 + g m ) (dx 1 A dy 3 - dy 1 A dx 3 )} 
V3 

-7= [(^35 + 2# 3 e) (dx 2 A dx 3 - dy 2 A dx 3 + dy 2 A dy 3 ) - (2 g 35 + g 36 ) (dx 2 A dy 3 - dy 2 A dx : 
v3 

(2.50) 

Obviously, the 2-forms in the bracket represent the nine twist-invariant two-forms of 
the Z3-orbifold. The Ramond 4-form C4 has nine independent parameters and may be 
expanded w.r.t. a twist-invariant basis of H 4 (Xq, Z): 



= Ci 


dx 2 


A dy 2 


A <ix 3 A dy 3 


+ c 2 dx 1 A dy 1 A dx 3 A dy 3 + c 3 dx 1 


1 

+ 3 


(c 5 - 


- 2c 4 ) 


(dx 1 A dx 2 - 


- dy 1 A dx 2 + dy 1 A dy 2 ) A dx 3 A dy 3 


1 

+ 3 


(c 4 - 


-2c 5 ) 


(dx 1 A dy 2 - 


- dy 1 A dx 2 ) A dx 3 A dy 3 


1 

+ 3 


(cr- 


-2cb) 


(dx 1 A dx 3 - 


- dy 1 A dx 3 + dy 1 A dy 3 ) A dx 2 A dy 2 


1 

+ 3 


ies - 


- 2c 7 ) 


(dx 1 A dy 3 - 


- dy 1 A dx 3 ) A dx 2 A dy 2 


1 

+ 3 


(eg - 


-2cb) 


(dx 2 A dx 3 - 


- dy 2 A dx 3 + dy 2 A dy 3 ) A dx 1 A dy 1 


1 

+ 3 


(cb - 


-2cg) 


(dx 2 A dy 3 - 


- dy 2 A dx 3 ) A dx 1 A dy 1 . 



(2.51) 
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This expansion has the property that the basis w.r.t. which the 4-form C4 is expanded, 
is Hodge-dual to the twist-invariant basis of 2-forms appearing in the expansion of B2, 
given in Eq. (D.5) of appendix E. W.r.t. H^^X?,, C), the expansion (|2.51| ) becomes: 

C 4 = -3 Cl dz 2 A dz 2 A dz 3 A dz 3 — 3 c 2 dz 1 A dz 1 A dz 3 A dz 3 — 3 c 3 cfe 1 A dz 1 A dz 2 A efe 2 

- i\/3 (c 4 + p c 5 ) dz 1 A c£z 2 A ofe 3 A dz 3 - z'v^ (c 4 + p c 5 ) dz 1 A cb 2 A cfe 3 A <iz 3 

- zv^ (c 6 + p or) dz 1 A cfz 3 A dz 2 A eiz 2 - z'v^ (c 6 + p c 7 ) dz 1 A dz 3 A dz 2 A dz 2 

- za/3 (c 8 + p eg) cfe 2 A eiz 3 A dz 1 A cfz 1 - iV3 (c 8 + p c g ) cfe 2 A cfe 3 A ck 1 A dz 1 . 

(2.52) 

In the type IIB orientifold we are discussing, the metric components of J are complexified 
with the respective components of C4 and lead to: 

^ = -y £?n + 1 ci , T = — p 3 3 + 1 c 2 , T = — p 55 + 1 c 3 , 

^ 4 = — /= (#13 + 2 gr 14 ) + ic 4 , T 5 = -j= (2 ^13 + g 14 ) + i c 5 , 

Y 1 (2-53) 

^ 6 = -—^ (915 + 2 flfie) + i c 6 , T 7 = — (2 ^15 + #i 6 ) +i c 7 , 

^ 8 = -—^ (935 + 2 flfae) + i c 8 , T 9 = (2 #35 + #35) + % c 9 . 

The Kahler potential for the Kahler moduli T J may be easily obtained from the volume 
form: 

Ifjc = — In - / J A J A J = -lnFoZ(X 6 ) , (2.54) 
6 Jx 6 

with 1 1 1 , 

Vol(T 6 /Z 3 ) = -■- K iik Re(T*) Re(T- 7 ) Re(T fc ) = - v 7 ^) , (2.55) 

and the triple intersection numbers K^: 



(2.56) 



Again, through a holmorphic field-redefinition we may pass to the moduli fields : 
3" 4 = -i (P 9i3 - 911) + -j= (c 4 + p c 5 ) , T 7 = i (p pi 3 - p M ) + — (c 4 + p c 5 ) , 

T 5 = -« (p pi 5 - c/i 6 ) " f ^( C64 "' ,C7 )' r8 = i & 9i5 - Pie) + (c 6 + P c 7 ) , 

T 6 = -i (p p 35 - p 36 ) + —j= (eg + p Cg) , T 9 = Z (p p 35 - p 36 ) + — (eg + p Cg) . 

(2.57) 
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^Cl23 


= 1 , 


A^344 = 


-2 , 


^345 = - 


-1 


> ^355 = —2 , /C 2 66 = —2 , 


^267 


= -1 


> A^277 


= -2 


) ^468 = 


1 


> ^568 = 2 , /C478 = —1 , 


^578 


= 1 , 


^188 = 


-2 , 


^469 = 2 


5 


^569 = 1 5 ^C 4 7 9 = 1 , 


^579 


= 2 , 


^189 = 


-1 , 


A^199 = " 


-2 





In terms of these moduli, the Kahler potential becomes: 



r 1 


r 4 


r 5 


r 7 


r 2 


r 6 


r 8 


r 9 


r 3 



(2.58) 



in agreement with the expression given in (2.7). Finally, from Q2.8Q and ( |2.55|) we may 
deduce the nine holomorphic moduli fields T l 



T l = -IC ljk Re(T : >)Re(r k )+ic l 



(2.59) 



with the intersection numbers given in ( |2.56| ). The full Kahler potential (2J3), written in 
terms of the fields ( |2.59| ), becomes 



^4 2 K 



ln(5 + S) - In 



-Ki jk (T + T) (TJ+T J ) (T k + T 



(2.60) 



with: 



A^123 = 


1 

2 


A^344 = 


1 

~3 


K 


K-267 = 


1 

6 


^277 = 


1 

~3 


t 


^469 


1 

6 


^-569 


1 

~6 





345 



568 



579 



6 
1 

6 
1 

6 



^355 
^478 
^189 



■g i ^266 

'77 i ^188 
6 



3 
1 



;2.61) 



1 

6 



199 



1 

3 



2.5. String-theoretical Kahler moduli T l vs. field-theoretical fields T l 



The imaginary part of the modulus T l , defined in Eq. (|2.15|) , follows from the integral 
Im(T l ) = j ci C4 of the Ramond 4-form over a certain 4-cycle C\ A P7-brane has the 
world-volume Chern-Simons coupling J C4AFAF. Hence, a P7-brane wrapped around 
this 4-cycle Cj gives rise to the CP-odd gauge term J Im(T l ) F A F in D = 4. On 
the other hand, the real parts of the moduli T l , which derive from the underlying string 
background (cf. Subsection 2.3) do not yet properly fit into complex scalars T l of N=l 
chiral multiplets in field theory. According to the previous discussion, the real part Re(T*) 
of those scalar fields has to describe the gauge coupling of a L>7-brane, which is wrapped 
around the four-cycle Ci. This coupling is measured by the volume of this 4-cycle Cj. 
More precisely, from the Born-Infeld action e~^ 10 J d 8 £ det(g + 2-na'F) 1 / 2 we derive the 
CP-even gauge-coupling Re(T l ) := e~^ 10 J c d 4 £ det(g) 1 / 2 . In order for the P7-brane to 
respect 1/2 of the supersymmetry of the bulk theory, which is N=2 in D = 4, the internal 



4-cycle Ci the P7-brane is wrapped on has to fulfill the calibration condition [[19 



c, 



J A J . 



(2.62) 



Ci 
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Note, that the r.h.s. just describes the volume of the 4-cycle (7j. Hence, the real part of 
the correct holomorphic modulus T % is: 



Re(T l ) := e^ 10 / d 4 £ det(g) 1/2 = \ [ J A J . (2.63) 

More precisely, with uii the Poincare dual 2-form of the 4-cycle Cj, we have: J J A J = 
f u>i A J A J. With J = Re(T J ) ^ we may write 

Re(T i ) := - — -— / J A J A J = — Fo/(X 6 ) , (2.64) 

v 1 6 dRe(T l ) 7 Xe dRe(T l ) v bJ y J 

which proves (|2^ ). Furthermore, with / J A J A J = /Q jfc Re(T') Re(T J ) Re(T fc ), and 
JCijk the intersection form of the CYM Xq, we may also write 

Re(T*) := ~ /Cy fc Re(T J ) Re(T fc ) , (2.65) 
which gives the volume of the 4-cycle (in the string frame). 



For the case when the Kahler moduli space is described by the coset space f v ^ 
we have worked out the field-theoretical moduli fields T % in Eq. ( |2.31| ), for the coset 



x ^fe^. in Eg. (CT) , and for the coset su(3)x U su(SxU(i) in E Q- S)- 



S£/(2)xSI/(2)xt/(l) f/(l) ' 111 MfLZZI^' 1KJ1 - SL/(3)xSt/(3)xt/(l) 



Three-form flux G 3 in Zn and Zn X ZiM-orbifolds 

Let us now give non- vanishing vevs to some of the (untwisted) flux components iJjjfc 
and Fijk, with F3 = dC2, H3 = dB2- The two 3-forms F 3 ,H 3 are organized in the 
SL(2, Z)s covariant field: 

G 3 = F 3 + 1 S H 3 . (2.66) 

On the torus T 6 , we would have 20+20 independent internal components for Hijk and F^k- 
However, only a portion of them is invariant under the orbifold group V. More precisely, 
of the 20 complex (untwisted) components comprising the flux G 3 , only 2h^ t ^-(X 6 ) + 2 
survive the orbifold twist. The orientifold action 0(— 1) Fl I 6 producing 03-planes does not 
give rise to any further restrictions. If the orbifold group T contains Z2-elements 9 which 
leave the j-th complex plane fixed, we also encounter (97j-planes transverse to the j-th 
plane. Since P 2 = I§0, the orientifold generator 1) Fl I 3 2 does not put further restrictions 
on the 2hffi%' (Xq) + 2 twist invariant components. Hence, the allowed flux components are 
most conveniently found in the complex basis, in which the orbifold group T acts diagonally. 
In the following, we shall concentrate on the orientifold/orbifolds T 6 /(r + FQIq), with T 
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being one of the orbifold twists Zjv or Zjv x Zm encountered above. Note that (37-planes 
appear in the case that the orbifold twist T is of even order. 

The most general 3-form flux G3 on T 6 has 20 components, which appear in the 
expansion 



3 6 



(2.67) 



i=0 



J = l 



w.r.t. the complex 3-form cohomology H 3 = #( 3 '°) © ff( 2,1) © ff (1 ' 2) © #(°> 3 ): 



UA 


= dz 1 


A dz 2 


A cfe 3 




= dz 1 Adz 2 A dz 3 




= dz x 


A dz 2 


A dz 3 


, WBj 


= dz 1 Adz 2 A dz 3 


^A 2 


= dz l 


A dz 2 


A cfe 3 


> WJ3 2 


= dz 1 A dz 2 A dz 3 


UA 3 


= dz l 


A dz 2 


A dz 3 


> ^B 3 


= dz 1 A dz 2 A dz 3 


wc t 


= dz 1 


A dz 1 


A dz 2 


, u Dl 


= dz 1 A dz 1 A dz 2 




= dz 1 


A dz 1 


A cfe 3 




= dz 1 A dz 1 A dz 3 


^c 3 


= dz 1 


A dz 2 


A dz 2 




= dz 1 A dz 2 A dz 2 


WC4 


= dz 2 


A dz 2 


A cfe 3 


, w fl4 


= dz 2 A dz 2 A dz 3 


^c 5 


= dz x 


A dz 3 


a dr 5 




= dz 1 A dz 3 A dz 3 


^c 6 


= dz 2 


A dz 3 


A dz 3 


» W D 6 


= dz 2 A dz 3 A dz 3 



(2.68) 



The u)Aii ^Bi correspond to flux components with all one-forms coming from different 
planes, while the Ud, are flux components with two one-forms coming from the same 
plane. The latter we have just written down for completeness, as they are projected out 
in all orbifolds. In the Z2 x Z2 orientifold/orbifold, which allows for the largest number of 



(untwisted) fluxes [|T4|, all u> ^ and wb i remain, whereas in most other orbifolds only uja 
and lvb survive. In appendix B we list the 3-form flux components, which are invariant 
under the respective orbifold action T. That the (0, 3) and (3, 0)-flux always survive is 
quite clear, as the (3, 0)-flux corresponds to the Calabi-Yau 3-form O, which is always 
present, and the (0, 3)-flux to its conjugate. 

While in the form ( |2.67| ), the cohomology structure of G3 is manifest, in order to 
impose the flux quantization on G3, i.e. 



1 



(2ir) 2 a' 



F 3 en Z 



1 



c 3 



(2^)%' J C3 



H 3 £n Q Z 



(2.69) 
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with some integer no (depending on the orbifold group V) to be specified later, one has to 
transform the forms (|2.68|) into a real basis of the following 20 elements 



Q'Q 


1 

= dx 


A dx 


A dx 3 


f3° = 


dy 1 A dy 2 A dy 3 , 


a i 


= dy 1 


A dx 2 


A dx 3 . 


P x = 


-dx 1 A dy 2 A dy 3 


OL2 


= ax 


Ady 2 


A dx 3 . 


(3 2 = 


-c% A <ix A dy J 




= dx 1 


A dx 2 


A dy 3 . 


(3 3 = 


-rfy 1 A <iy 2 A dx 3 


7i 


= dx 1 


Ady 1 


A dx 2 . 


5 l = 


-dy 2 A dx 3 A dy 3 


72 


= dx 1 


Ady 1 


A dx 3 . 


5 2 = 


-dx 2 A dy 2 A dy 3 


73 


= dx 1 


A dx 2 


Ady 2 . 


d 3 = 


-dy 1 A dx 3 A dy 3 


74 


= dx 2 


Ady 2 


A dx 3 . 


5 4 = 


-dx 1 A dy 1 A dy 3 


75 


= dx 1 


A dx 3 


Ady 3 . 


5 5 = 


-dy 1 A dx 2 A dy 2 


76 


= dx 2 


A dx 3 


A dy 3 . 


d 6 = 


-dx 1 A dy 1 A dy 2 



(2.70) 



with the six real periodic coordinates x % , y 1 on the torus T 6 , i.e. x % = x l + 1 and y 1 = y l + 1. 
The basis ( |2.70|) has the property J Xg cti A ft = b\ , J x ^ A 5 J = b\ , with the choice of 
orientation f x ^ dx 1 A dx 2 A dx 3 A dy 1 A dy 2 A dy 3 = 1. In real notation, the flux has the 
form: 



1 



(27r) 2 ct' 



G, 



3 

E 

2 = 



6 



[(a 1 + iSc l ) ai + (h + iSd z )p z ] + V [{e J + iSg J ) l3 + (fj + iShj)S j ] 



i=i 



(2.71) 

In this basis, the SX(2, Z)5-covariance of G3 is manifest. The coefficients a 1 , 6^, e l , fi 
refer to the Ramond part of G3, whereas the coefficients c\ di, g l , hi refer to the Neveu- 
Schwarz part. 

To pass from the complex basis ( |2.68| ) to the real basis ( |2.70| ), one introduces complex 
structures, i.e. the complex coordinates (cf. (|2.14|) ): 



dz j = yj p{ dx 1 + t{ dy 1 



1,2,3. 



(2.72) 



i=i 



Most of the parameters and r\ are fixed through the orbifold twist T, with only those 
remaining undetermined, which correspond to the Z2-elements of V. The latter are even- 
tually fixed through the flux quantization condition (cf. appendix B). As we shall see 
in a moment, the specific values of the constants p\ and t\ are relevant for finding flux 
solutions. 

Let us briefly comment on the integers no, introduced in the flux quantization con- 
ditions (|2.69|) . It has been pointed out in Ref. [5tJ, that there are subtleties for toroidal 
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orientifolds due to additional 3-cycles, which are not present in the covering space T 6 . If 
some integers are odd, additional discrete flux has to be turned on in order to meet the 
quantization rule for those 3-cycles. We may bypass these problems in the Zjv (Z^r x Zm)- 
orientifolds, if we choose the quantization numbers to be multiples of no = 2N (no = 2NM) 
and do not allow for discrete flux at the orientifold planes |51| , [52] , |53| . Note, that for 



^(iTi) 0, in addition to the untwisted flux components Hijk and Fijk there may be also 
NSNS- and RR-Qux components from the twisted sector. We do not consider them here. 
It is assumed, that their quantization rules freeze the blowing up moduli at the orbifold 
singularities. 

To illustrate the above procedure, we shall discuss the Z^-n orbifold with the lattice 
(SU(2)) 2 x SU(3) x G 2 and present the fluxes compatible with the complex structures of 
this orbifold. We will again present only one example, while the other orbifolds are treated 
in appendix B. 

At this level, no supersymmetry conditions are imposed. Imposing further conditions 
will fix S and the complex structure moduli (in case they are present in the particular 
orbifold) and/or constrain the coefficients a^, bi, Ci : di which are real integers. 

The Zq-u orbifold on the lattice (SU(2)) 2 x SU(3) x G 2 is a case with one complex 
structure modulus U 3 left unfixed, therefore the flux takes the formi 

/0 N n . G 3 = A ua + A 3 uja 3 + B u Bo + B 3 uj Ba ■ 
yln) a! 

The (3, 0)-form on this orbifold takes the form@ 

u Ao =]-{3 a + V3e 5 ™/ 6 a x + 3 e 2 ™/ 3 a 2 

3 L ^ (2.73) 

+ U 3 [ 3 a 3 - i(V3(3 + 3 e™/ 6 ft + e 2 ™/ 6 (3 2 )] + iVS(3 3 }■ 
The one (2, l)-form surviving the twist takes the form 

cj A3 =1{3 a + e 57 ™/ 6 a x + 3 e 2 ™' 3 a 2 

3 (2.74) 

+ if [3a 3 - i(Vsp + 3e^ 6 /3i + v^e 2 ™/ 6 (3 2 )] + iVS(3 3 }. 



3 In the remainder of this section and in the two appendices A, B the real and imaginary parts 
of the complex structure moduli IA are exchanged compared to the previous setup. 

4 Contrary to the normalization of dz 3 used in the context of the linear tr-model we do not 



use the prefactor 1 / VlvaU 3 here in order to obtain a holomorphic superpotential. 
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u>b and u)b 3 are the complex conjugates of the above. For the complex coefficients we find 



+n 3 



1 



e 2 ™/ 6 a 



^ ^ + -L a2 + ^(-V3e-/e C0 + _L C2) j}, 

B =^73 { e" 2 ^ /12 6 + + iS (e~ 2 ^ 12 d + i d 2 ) 

+U 3 -J= e" 2 ^/ 6 a + -J= a 2 + iS (V3e~ 2 ^ 6 c + -J= c 2 ) | , 
A 3 { e" 10 ^/ 12 6o + + ( e " 1( W 12 d + • da) 

_ W 3 1 e 2 W t/6 ao + _L fl2 + i5 (v^e 2 ^/ 6 C + 4= C 2) 

v3 v3 v3 

S3 =^73 { e 10 ^ /12 6o - ^&2 + (e 10 ^ 12 d - i d 2 ) 



(2.75) 



2ImW 3 
-Tf 



e- 2 ^/ 6 a 



+ _L a2 + ^( v /3 e -2W6 Co + _L C2 ) J 



Note that the normalization of the 3-forms is J uia A ojb = 2zImW 3 . Expressed in the 
real 3-forms, the flux takes the form 

' - G 3 = (a° + iSc°) a + - (-a + a 2 - iS (c° - c 2 )) a x 



(2n) 2 a 



+ (a 2 + iS c 2 ) a 2 + (-b + 2 b 2 + iS (-do + 2 d 2 )) a 3 + (60 + iS d ) (3° 

+ (b +b 2 + iS (d + d 2 )) (3 1 + (b 2 + iSd 2 ) (3 2 + i (a + 2a 2 + iS (c° + 2c 2 )) /3 3 ] 

(2.76) 



3. Vacuum structure of orientifolds in the orbifold limits 

In this section, we investigate the vacuum structure of type IIB orientifold compact- 
ifications in their orbifold limits. The discussion is based on the following effective N=l 
superpotential 

W = W aux (S, W) + W np (T l ) , (3.1) 



with: 



W flux (,S, U j ) 



A 



(27r) 2 a' 



G 3 AO , 



x 6 



W np (T i )= 9 ie ~ hiTi > g i eC,h i eR + . 

i=l 



(3.2) 
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The first term is the perturbative contribution to the superpotential due to non- vanishing 
3-form fluxes 0, and it depends on the dilaton field S and, if present, also on the untwisted 
complex structure moduli £7 J (with the normalization k^~ 2 = ( 27T )Z a > )- The second term 
is of non-perturbative nature and depends on the untwisted Kahler moduli T\ At this 
stage, we do not discuss any further the possible microscopic origin of the non-perturbative 
superpotential, but are only interested in a rather phenomenological way in its effect on the 
ground state structure of the orbifold models. Later in section 4, we shall provide some 
more details on the non-perturbative effects which may cause such a non-perturbative 
superpotential, namely wrapped Euclidean D3-branes and/or gaugino condensates. As a 
result, we will see that a non-perturbative superpotential of this type may emerge if also 
effects from blowing up modes of the orbifold singularities are taken into account. Hence 
this superpotential that depends only on the untwisted moduli T l can be regarded as a 
certain truncation of a more complete non-perturbative superpotential. This and several 
other aspects will be also the subject of a forthcoming publication |31| . 

The vacua of the effective N=l supergravity theory are determined by the associated 
scalar potential [|54 



t h (i,i)( x e) h (2,i)(X e ) \ 

\D S W\ 2 + \D T *W\ 2 + \ d ujW\ 2 -3 \W\ 2 j , (3.3) 

i=i j=i J 

with the Kahler potential for the fields S, T J , U 3 . During the process of minimizing V, 
the following two aspects will become important: first, the supersymmetry conditions 
Ds,T\uiW = will imply that generic supersymmetric AdS ground states are described 
by fluxes which are not anymore IS D with only G2,i components, but rather will include 
Go, 3 and also all IASD (imaginary anti self-dual) types as well. The second issue concerns 
the stability of the obtained extrema after imposing the supersymmetry conditions. As 
stated already in the introduction, in the framework of the KKLT scenario, one has to 
require the absence of any tachyonic scalar fields, i.e. the (mass) 2 of all scalars must be 
positive. This means that all eigenvalues of the scalar field mass matrix — 9 1 ' — 



S,U J ,T l ) must be positive. As we will see, this requirement can be only satisfied by 
those orbifolds which contain untwisted complex structure moduli U J . In this way, we 
derive some severe constraints on which orbifolds can lead to stable vacua. This result is 
contrasted by the procedure originally applied in KKLT, where first the dilaton field S 
and the complex structure moduli were integrated out by solving the flux supersymmetry 
conditions DsWfi ux = DjjjW^^ = using ISD (2, 1)- or (0, 3)-fluxes, and then plugging 
the obtained values for S and back into W. This leads to a constant term Wo. However, 
the integrating-out procedure is in addition only consistent, if the masses of the integrated- 
out fields S and £7 J are heavy compared to the Kahler moduli T l . Otherwise, the results on 
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the vacuum structure and especially what concerns the stability problems are misleading 
and cannot be trusted anymore. 

This problem has been emphasized and thoroughly discussed recently in Ref. |35[ . In 



this section, we want to generalize this discussion into several directions. First, we discuss 
under what conditions stable minima may be found if all moduli are minimized at once 
without first integrating out the complex structure moduli. This way, in subsection 3.5 
we find a stable minimum for the case hVf^' = 3 and foJ^T' = 1- On the other hand, 
in Ref. |35| it is has been proven that this case would not lead to a stable minimum, 
if the complex structure modulus was integrated out first. Secondly, in subsections 3.3 
and 3.4, we shall investigate the KKLT scenario in toroidal orbifolds for more than one 
Kahler modulus and more general Kahler potentials (cf. (|2.7[) ) at fixed complex structure 
modulus. We find, that in those cases no stable minimum is possible generalizing the one 



Kahler modulus case discussed in |35]]. This result rules out all toroidal orbifold limits with 
only Kahler moduli for a KKLT scenario, as e.g. the Zy-orbifold. In fact, going beyond 
the orbifold limit in Ref. [)3l |, we will give the criteria under which a KKLT scenario 



may be possible with only Kahler moduli. Furthermore, in subsection 3.6, we find a more 
general effective superpotential (compared to the ones discussed in |^5| ) after integrating 
out several complex structure moduli. Finally, the conditions and solutions for the extrema 
are presented. 



3.1. Super symmetry conditions 

In this subsection, we shall study the SUSY conditions for the Z 2 x Z 2 orientifold, 

With /^ntw. = fruntw. = 3 They read 

DiW = diW + k\ W d,K = , % = S, U\ T (3.4) 



and allow us to explore the Hodge structure of the flux G3 in the supersymmetric case. 
The Kahler potential for the dilaton S and Kahler moduli T l is given in ( |2.32| ), while for 
the complex structure moduli U l it may be read off from ( |2.7| ). With the superpotential 
0) the conditions (13.41) lead to: 



D T ,W = J G 3 A (I = - (r + f ') g i h'e- h " T " - £ gi e - h ' T ' , i = 1, 2, 3 , 



3 



i=l 

3 



Du*W = 0=> j-^J G 3 AuM = -Y,9 j e- hjTj , i = 1,2,3. 

(3.5) 
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After writing G3 in the complex basis (c/. Eq. ( |2.67|) ) 



1 3 

-63 = ^(^+5^) 



(27r) 2 a 



(3.6) 



i=0 



where uao is a (3,0)-form, UAi are (2, l)-forms, is a (0,3)-form and u;^ are (1,2)- 
forms, we obtain from 



1 



a n {u k +u k ) 

k=l 



(T' + T 1 ) g i h i e- hTi +^g J c 

3=1 



i = l,2,3, 



, E 0*e" 
1 j=i 



A ft {u j + u j ) 

3=1 



B l 



1 



E <A 

k=i 



(3.7) 



A n i uj + uj ) 

3=1 



i = 1,2,3 . 



Here we have used J x uja Awb = J x uJBi A c^a* = H (£/ + U ). We see that in the 

presence of the non-perturbative term the (1,2), (0,3) and (3, 0)-components of the flux 
are no longer vanishing. Next, with the formula [[54] 



F 1 = e^/ 2 K K IJ (djW + k 2 4 W djK) 



(3.8) 



we present the F-terms: 

3 



F s = (S + S) 2 J[(T i + T i ) *Y[(U j + U j )' 



A 



i=i 



(27r) 2 a' 

, 3 



7 / G 3 AO + ^ 3 V 



fc=l 



X 



(5 + 5) 2 (CT + CT) 5 (£P + £P) 5 (t/ fc + U k ) *Y[(T l +f l )~ 

1=1 

v ' m=l / 

(5 + 5) 2 (T* + T 1 ) 2 (T J +T J ) *(T k + T k ) 2 JJ (t/ z + U l ) 
W aux +(T l +T l ) g l h l e~ h ' Tl 



X K 



1=1 



With 54 



F = K /7 F 1 F J -3 e< K k\ \W\ 2 
29 



(3.9) 
(3.10) 



the potential becomes: 



\ ' =k 2 J\S + S\Y[ (T J +T j ) Y\ (U k + U h 



3=1 



k=l 



J]kfl U x + (T l +T l ) gW e 



h z T l 



+ 



i=l 



A 



(27r) 2 a 



r 3 

7 / G 3 AO + ^ g l e 
J i=i 



-h l T l 



1=1 



(27r) 2 a 



r 3 

J m=l 



-h m T m 



3 \W\' 



(3.11) 



Using (|3.6|) we can rewrite the potential as: 



V =k\ \S + S\ Y[\T l + T l \Y\\U j + U j \ 1-3 



k=i 



3 



3=1 



b°\Y[(u 1 + u l ) + J2a le ' 



i=i 



i=i 



+ 



-h p T p 



B°X ]J(U l + U l ) + J2 9 l e~ h T +(T k + f k )g k h k e 
i=i i=i 

3 3 

A Y[(U n + U n )A° + J2 9 P e ~ 

+E 



h k T h 



n=l 



r=l 



3 3 

A Y[(U n + U n )B r + J2 9 P e ~ 

P =i 



h p T p 



71=1 



(3.12) 



In the supersymmetric case, i.e. F s = F u3 = F T = 0, the potential reduces to: 



Vn = -3 ni 



B°X n (U l + U l ) + J2 g l e 

i=i i=i 



l „-h l T L 



3 3 

\s+s\ n \t i n \w + w\ 

i=l j=l 



(3.13) 



Next, we plug the superpotential ( |3.1| ) (cf. also [Tj| for Wflux) 

W = (a° + iSc°) U X U 2 U 3 - { (a 1 + iSc 1 ) U 2 U 3 + (a 2 + iSc 2 ) U X U 3 + (a 3 + iSc 3 ) U X U 2 } 



£ (6* + iSdi) U l - (b + iSdo) + 9 l e~ 



h l T % 



i=3 



(3.14) 



30 



into Eqs. (|3.5| ). The equations become: 

Q=U l U 2 U* (a° + iSc°) - + iSc i )U j U k - (b Q + iSd ) 



3 



i-l i=l 

=U l U 2 U 3 (a + iSc°) - ( a * + iSci ) UJJjk ~ ( 6 o + iSdo) 

3 3 

-]>> + IT* + J2 9 J e~ h ' TJ + g l h l (T + T) e"^ , i = 1, 2, 3 , 

i=l 3=1 

=U l U 2 U 3 (a + zSc ) - {(a 1 + zSc 1 ) f/ 2 [/ 3 + (a 2 + zSc 2 ) t/ 1 ^ 3 + (a 3 + zSc 3 ) t/ 1 ^ 2 } 

3 

- (b + iSd ) - {(&i + iSd!) U 1 + (b 2 + iSd 2 ) U 2 + (b 3 + iSd 3 ) U 3 } + , 

i=i 

=U X U 2 U 3 (a + iSc°) - {(a 1 + iSc 1 ) U 2 U 3 + (a 2 + iSc 2 ) U X U 3 + (a 3 + iSc 3 ) U X U 2 } 

3 

- (b + iSd ) - {(&i + i5di) t/ 1 + (b 2 + iSd 2 ) U 2 + (b 3 + iSd 3 ) U 3 } + 9 l e~ h%Tl , 

i=l 

=U l U 2 U 3 (a + iSc ) - {(a 1 + iSc 1 ) U 2 U 3 + (a 2 + iSc 2 ) U 1 ^ 3 + (a 3 + iSc 3 ) U X U 2 } 

3 

- (b + iSd ) ~{(bi + iSd^ U 1 + (b 2 + iSd 2 ) U 2 + (b 3 + iSd 3 ) U 3 } + 0*e~ h<T< . 

(3.15) 

These are the equations to be satisfied at the supersymmetric point of the moduli space. 

3.2. Orientifolds without complex structure modulus 

Let us now discuss the vacuum structure of orientifold compactifications without any 
complex structure moduli, i.e. hf 2 ,i) = 0. So the moduli fields which we want to de- 
termine by the supersymmetry conditions are the dilaton S and the Kahler moduli T % 
(i = 1, . . . , /i^jT"). Since ua and u>b are the only non-trivial 3- forms, the flux G3, 
expressed in the complex basis, reads: 

' 7 G 3 = G {3fi) +G {0 , 3) =A°(S)u; Ao +B (S)uj Bo . (3.16) 



(2n) 2 a 

B°(S) is a linear function in S with complex coefficients B®, B®: 

B°(S)=B° 1 -iSB 2 J . (3.17) 
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The precise form of the B Q K [K = 1,2) depends on the considered orbifold, as we will 
discuss in the following. However, the other flux coefficient A°(S) is not anymore an 
independent function, but it is given as 

A°(S) = B° + iSB°. (3.18) 

The flux superpotential which contains the contribution from the G3 flux as well as the 
non-perturbative Kahler moduli dependent term, is given in Eq. ( |3.1| ) . Inserting G3 of Eq. 
( |3.16|) , W becomes: 

3 

W = A (B? - iS B° 2 ) +J^9 . (3.19) 

This superpotential is of the same structure as the superpotential discussed in []35| (see sec- 



tion 3.1 in that paper). The main difference to the superpotential of [35] is that here, the 
coefficients B® and B® have a microscopic explanation in terms of 3-form flux quantum 
numbers. It follows that these coefficients are integer- valued. Hence the flux quantiza- 
tion will put some additional constraints on the allowed solutions of the supersymmetry 
equations. 

Let us consider in more detail the Z3 x Z3 orbifold. Here the complex flux coefficients 
read (see appendix B.7.): 

B\ = -= (i^ + e-^^bi), B° 2 = -i= (ic 1 + e~ 5ni / 6 d 1 ), a 1 ,b 1 ,c 1 ,d 1 e Z . (3.20) 
v 3 v 3 

In order to determine the exact form of the flux part of the superpotential, we also need 
the prefactor A. For the Z 3 x Z 3 orbifold it takes the value A = [j53|| . 

Now we may determine the solutions of the two supersymmetry conditions DtW = 



and D$W = 0. We may essentially follow the procedure outlined in ||35|| . We shall 
consider the simplified case where all Kahler moduli T l are identified, i.e. T % = T, and 
also h l = h. Now observe that via a field redefinition in T, namely a constant shift in 
Im T, the coefficient g can always be chosen to be real. Similarly one can shift Im S, such 
that i^/SB® is real. So we choose b\ = in eq.( [3.20|) . For simplicity we also choose iV3B® 
to be real. Taking all this into account, the superpotential (|3.19| ) becomes: 

W = -a 1 + — d x S + 3g e~ hT , a 1 ,rf i GZ. (3.21) 
2 



As in ||35|1 , we may restrict the analysis to the case where the moduli S and T are purely 
real, i.e. T = t and S = s. Then the two supersymmetry conditions provide the following 
two constraints on s and t: 



a 



1 -hi 



d x 2ht 



9e ~(« + 3), -^-^j^^. (3.22) 
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Since e~ ht (ht + 3) < 3, it follows that the first equation has only solutions for integer 
values of a , if the parameter \g\ > 1/3. In fact due to charge quantization, for any given 
\d\ — 1/3, this equation has a finite number of allowed solutions (for \g\ = 1/3 the solution 
occurs at t = 0). Specifically, the first equation possesses solutions in t for the following 
values of the flux a 1 : 

a 1 = !,...,[</], g' = 3g. (3.23) 

Here we have assumed that g > 0, otherwise a 1 < 0. Finally, after having solved the 
first constraint in ( |3.22|) which fixes the modulus t, the second equation does not put any 
further conditions on the allowed fluxes, it possesses precisely one solution in s for any given 
choice of a 1 , c . Let us assume that g is very large, \g\ >> \a |. Then the supersymmetry 
condition is solved for very large t. Furthermore, if we insist on weak string coupling, i.e. 
large s, we have to demand that \a}\ » \c x \. 



As discussed in [p5| , the above solutions of the two supersymmetry conditions do 
not correspond to stable supersymmetric vacua, but the supersymmetric point rather is a 
saddle point with instabilities along the moduli and axionic directions. Hence, we like to 
proceed to consider orbifolds with more than one Kahler modulus and/or complex structure 
moduli in order to see whether stable supersymmetric ground states now become possible. 

3. 3. Orientifolds with three Kahler moduli and fixed complex structure moduli 

After having discussed the case of one Kahler modulus in the previous subsection, we 
now shall move on to the three Kahler moduli case. This case captures e.g. the Zy-orbifold. 
We start with the following ansatz for the superpotential ( |3. 1| ) 

3 

W = ai + a 2 S + J2 9°e~ h3T3 , (3.24) 
with complex coefficients «i = B®, a 2 = —iB®, g^ and W > 0. With the Kahler potential 

3 

k\ K = -ln(S + S) -J2 ln (T J +T J ) (3.25) 

i=i 

for the closed string moduli sector we derive the following F-terms: 

-(^ + ^)" 1 / 2 flCr + T l )V2 f S = ai -a 2 S + J29 j e~ h ° ^ , 
i=i j=i 

— F = h J g J (T J + T ) e + ai + a 2 o 

(Tj + T>y/2 

3 

+ Y,9 3 e~ hJTJ , (z,i,fc) = (lA3), 

3=1 

(3.26) 
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and similarly for their complex conjugate F T3 and F s . Demanding F s = = F T3 leads 
to the following relations: 



a , \- S + S \ j a 2 e hJTJ S + S . 

s + }_^ 7 =a ' 9 JTi — , j = 1,2,3 , (3.27) 

i W [To - 7 ) / hJ 7 ' + 7 



«1 = a 2 



and their complex conjugate. These relations have to be obeyed at the extremum of the 
potential. In principle, the point (So, Tq) of the extremum may be determined from these 
relations (|3.27| ). It is straightforward to calculate the scalar potential V(S, T J ). At the 
extremum (So, Tq), its value is given by 

Vo = -3 '"f ( ^° + _^ o) . (3.28) 

3=1 

To determine the kind of extremum, we have to calculate the second derivatives of the 
potential V(S, T 3 ) w.r.t. the moduli fields. It is convenient to introduce S = si + is 2 and 
T 3 = ti + it\. W.r.t. the parameters Sj,t] we find the following identities for the mixed 
derivatives: 

d 2 V d 2 V d 2 V d 2 V 
-^7T = °- ( 3 - 29 ) 



d Sl dt 3 2 dt{ ds 2 ds! ds 2 dt\ dt l 2 

( H 

On the other hand, the non- vanishing components of the Hessian H = I 1 I are 



H 2 

arranged in a block-form with two 4x4 matrices Hi and H 2 , with their determinants 
given by: 



3=1 



5 + 16 h 1 h 2 h 3 t\ t\ t\ + 8 ^ ^ *i + 6 ^ ^ A t{ , (3.30) 

3=1 i^J J 

det H 2 = ^ f/U" 218 ( 27 + 16 /i 1 /i 2 /i 3 tj t? t 3 _ 6 y h i h j t i t j 
512 (t\t 2 t\f I iii^ i i 



The latter may become positive in a certain region of the parameter space h l t\. In order 

for Hi and H 2 to be positive definite, also their subdeterminants have to be positive, i.e. 

Tin 77i2 77i3 

77"n > 0, HnH 22 - H 2 2 > and det ( 77i 2 77" 2 2 H 23 | > 0. However, we find 

-^13 H 2 s H33 

^l)ll(^l)22 - (i?l) 2 2 = - 32(^1)4(^2^3)2 H* (4 + tj) < 
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and 



(#2)11(^2)22 - {H 2 )\ 2 = - aa^a^a^a l«2| 4 ^ < 



and conclude that the extremum (Sq,Tq) is no minimum. 

Hence a KKLT scenario is not possible in the Zy-orbifold with only untwisted Kahler 
moduli. This generalizes the results of |35| for one Kahler modulus to the three Kahler 
moduli case. 

3.4- Orientifolds with five Kahler moduli and fixed complex structure moduli 

After having found this negative result for three Kahler moduli arising from orbifolds 
with a diagonal Hermitian complex metric, we shall now investigate the case with non- 
diagonal metric. We want to discuss the Kahler moduli space g[/(2)xsl/(2)x[/(i) x HTTIT^ 
with five Kahler moduli. This moduli space has been parameterized in subsection 2.4 and 
is relevant to the Z6_/-orientifolds. In Eg. (|2.45| ) the Kahler potential has been given. 



In order to keep formulae short we shall stick to the case T 1 = T 2 and T 3 = T 4 , 

though we have performed the analysis for all five Kahler moduli kept arbitrary. So we 
start with the following ansatz for the superpotential ( |3.1|) 

W = a 1 + a 2 S + g x e- hlTl + g* e - h * T * + g^e'^ , (3.31) 

with complex coefficients «i, a 2 , g-' and W > 0. With the Kahler potential ( |2.45|) 

k\ K = — ln(S + S) - ln(T 5 + T 5 ) - In [(T 1 + T 1 ) 2 - (T 3 + T 3 ) 2 ] (3.32) 

we calculate the F-terms: 



yl/2 _ 



F S = -a 1+ a 2 S- £ 9 3 e~ h3T3 



(S + S) 1 / 2 

(S + S) 1/2 Y 1/2 = -<*i ~ «2 S - 9 j e 



i=l,3,B 



3=1,3,5 

_ i g i h i e -h^ [(T i + yi )2 + (T 3 
-g 3 h 3 e~ h3TS (T 1 + T 1 )(T 2 + T 2 ) , 



(S + S) 1/2 Y 1 / 2 F f3 = - ai - a 2 S - 9 

3=1,3,5 



g 1 ^ e~ hlTl (T 1 +T 1 )(T 2 + T 2 ) 

- g 3 h 3 e~ h3T3 [(T 1 +T 1 ) 2 + (T 3 +T 3 ) 2 ] 



{S + S)1/2 = -a x -a 2 S- g 5 h 5 e~ h ^ (T 5 +T 5 ) - V g* e~ h ^ , 

(3.33) 
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with Y = (T 5 + T 5 ) [(T 1 + T 1 ) 2 - (T 3 + T 3 ) 2 ]. Demanding F s = = F Ti leads to the 
following relations 



7^1 N 



Oil = OL2 I S + 



s + s 



+ 



2(S + S) (T 1 +T 1 ) 



2(S + S) (T 3 + T 3 ) 



/i 5 (T 5 + T 5 ) /i 1 [(T 1 + T 1 ) 2 - (T 3 + T 3 ) 2 ] /i 3 [(T 1 + T 1 ) 2 - (T 3 + T 3 ) 2 ] 



-2 



a 2 e 



^T 1 



9 5 = 



«2 e 



/i 1 

h 5 T 5 



h 5 



(S + S) j^+T 1 ) 
(T 1 + T 1 ) 2 - (T 3 + T 3 ) 2 
S + S 
T 5 + T 5 



a 2 e 



h 3 



(S + g) (T 3 + T 3 ) 

(Ti+rV-^ + T 3 ) 



(3.34) 

to be satisfied at the extremum. At the extremum (So,Tq) the scalar potential takes the 
value: 

|2 (Sq + Sq) 



Vq = -3 Q!2 



(T*+T 5 ) [(T 1 +T;) 2 -(T 3 +T 3 ) 2 ] 



(3.35) 



The scalar masses ms, ra^j are encoded in the Hessian of the scalar potential V(S, T , T 3 , T 5 ) 
After introducing S = s±+is2 and T J = t\ +it J 2 we calculate the Hessian H of the potential 
w.r.t. to the eight real variables si, S2, tj, t J 2 , j = 1, 3, 5. This gives an 8 x 8 matrix, which 
has to be positive definite in order to guarantee for positive scalar masses. This means, 
that all upper left matrices of H must have positive determinants. Similarly as before, we 
determine: 

d 2 V d 2 V d 2 V d 2 V 



dsi dtl 



<9si ds 2 dt\ dt\ 



= . 



(3.36) 



. 2 dt[ ds 2 

Hence, the Hessian decomposes into two 4x4 blocks, which individually have to be positive 
definite. However, at the extremum (Sq,Tq) we find the following: 



det 



det 



/ d 2 V 
I £>( S2 ) 2 
_dW_ 

dt^ds 2 

\ dt*ds 2 



d 2 V 
~dt^ds2 

d 2 V 



d 2 V 

WW 

d 2 V 
dt%dt\ 



d 2 v 

ds 2 



d 2 V d 2 V 
d(s 2 ) 2 ds 2 dtl 



d 2 V 
d{t\) 2 
d 2 V 



ds 2 dtl ds 2 dt'j. 



d 2 V 
d 2 V 

WW / 



«2 



1 



8 Sl t\ l(t\) 2 - (tl 



>o, 



a 2 \ 4 hH\ (3 + 2hH\ 



16 



<0, 



(tf) 2 [(t\) 2 - (t 3 ) 2 ] 3 
|ct 2 | 6 h 1 ^ si t\ t\ (3 + 2 hH\) (3 + 2 hH\) 
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it\m\) 2 - (A) 2 f 



< 



(3.37) 



Since (t\) 2 - (t\) 2 > (cf. subsection 2.4) and W > 0, we conclude, that there is no 
parameter range g^,h? for which our exremum becomes a minimum. This continues to 
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hold for all five Kahler moduli T J kept arbitrary. In that case in the Hessian we encounter 
e.g. the submatix 



d 2 V d 2 V \ 4 12 

'^fe 32 (tirm-tnr <0 > (3 - 38) 

which is negative-definite for t\t\ — t\t\ > (cf. subsection 2.4). 

Furthermore, due to the similarity of the coset structure of the nine Kahler moduli 
case g[7(3)xg[7(3)xt/(i) ^° the above case, it is expected that no stable minimum can be 
found either. 



3.5. Orientifolds with one untwisted complex structure modulus 

Now consider orientifolds with one untwisted complex structure modulus, labelled by 
U 3 . The main issue will be to solve the supersymmetry conditions, taking into account 
the flux quantization, and to see if in contrast to the previous case there are stable vacua. 
The relevant 3-forms are the (3, 0)-form u>a and one (2, l)-form ua 3 phis their conjugate 
(0, 3) and (1, 2)-forms ujb and ujb 3 - In terms of these complex 3-forms, the flux G3 may 
be expanded as: 

f2n) 2 a' ° 3 = G(3,0) + G{2,1) + G(0 ' 3) + G(1 ' 2) = 

= A°(S, U 3 ) u Ao + A 3 (S, U 3 ) iv A3 + B°(S, U 3 ) u Bo + B 3 (S, U 3 ) u B , . 

(3.39) 

Now, the complex coefficients take the form 

B G (S) = B° l (U 3 )-iB° 2 (U 3 ) S, B 3 (S) = B 3 {U 3 )-iB 3 {U 3 ) S , (3.40) 

where the B°(U 3 ), B 3 {U 3 ) each contain a constant term and a term linear in U 3 . All 
together they comprise eight real integer valued flux parameters, whose explicit forms 
depend on the individual orientifold under investigation (see later). Using this 3-form 
flux, the superpotential ( |3.1| ) may be written as 

3 

W = A [B^U 3 ) - i B° 2 {U 3 ) S]+J2 g l e- hlTi , (3.41) 

i=l 

which for convenience we parameterize as: 

3 

W = a + ol x U 3 + a 2 S + a 3 SU 3 + ^ ^e"^ , a, G R . (3.42) 

i=l 
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In the following, we consider first the situation, where in the first step the complex 
structure modulus U 3 is integrated out; this leads to an effective superpotential W e s(S, T). 
In the second step, the supersymmetry conditions DTW e ff(S,T) = DsW e s(S,T) = are 
imposed for the effective superpotential W e s(S, T). As pointed out in Ref. [p5| , this 
procedure is valid as long as the vacuum has the property that the complex structure 
moduli U l are much heavier than the fields S and T^. Assuming that this assumption 
indeed holds, we consider the supersymmetry condition for £7 3 , 

a + a x U 3 + a 2 S + a 3 SU 3 + £ g^-*' 7 * 
D U3 W = ai + a 3 S U 3 + U 3 ~ = ° ' (3-43) 

and plug back its solution for U 3 into the superpotential. This results in the following 
effective superpotential that now depends only on S and Tj (for real U 3 ): 

3 

W eS {S,T)=2 (a + a 2 S + J29 i e- hiTi ). (3.44) 

We see that this effective superpotential is again a linear function in S. In fact, it is 
precisely of the same structure as the superpotential ( |3. 19|) of the previous section without 
complex structure modulus. Hence all conclusions about the vacuum structure with respect 
to S and T are unchanged. In particular, the supersymmetric stationary points in S and 
T are not stable ground states with a positive definite moduli mass matrix. This result 



has already been obtained in 35 



Alternatively, we can also determine the solutions of all supersymmetry conditions 
D^W = D$W = DtW = at the same time without first integrating out U 3 . For 
simplicity we consider the isotropic case T := T 1 = T 2 = T 3 , hi = h 2 = hs and real flux 
parameters c^. We write the moduli fields as T = t + ir, S = s + ia and U 3 = us + iv. To 
make the calculation clear, we confine ourselves to the supersymmetric point with a = 0, 
v = 0, r = 0. The constraints which have to be fulfilled at the supersymmetric point 
become: 

s = - — (a + (3 + ht)ge- ht ) , 
a 2 

_ _ «2 / a + 3ge~ ht \ 
U3 ~ a 3 \co + {3 + ht)ge-to) ' ^ 

_a 3 (a Q +ge- ht (3 + ht)) 2 
1 a 2 (a + 3ge~ ht ) 

Here, s and u 3 are the real parts of the dilaton and complex structure moduli respectively, 
and should be positive. From the above constraints we see that this excludes some values 
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for ckq, a 2 and a%. If we allow for t every positive value, the situation is simple. One has 
two possibilities 

a > , a 2 < , a 3 > (3.46) 

and 

a < -(3 + ht) g e~ ht , a 2 > , a 3 < . (3.47) 

In the same way as in the previous section we compute the potential and then calculate the 
second derivatives at the supersymmetric point. This means that we plug the constraints 
( |3.45|) into the matrix of second derivatives. The resulting six-dimensional matrix is of 
block diagonal form (two blocks 3x3). The condition for the supersymmetric point to 
be a minimum is that the diagonal blocks should be positive definite. This requirement 
may be translated into the statement that the determinants associated with all upper-left 
submatrices are positive. We abbreviate the sub-determinants of the upper block by an, 
«22, ^33 and those of the lower block by 044, CI55, a§§. They are 



x 



x (2a 2 G + 2a (6 + ht)g e~ ht + g 2 e~ 2ht (18 + 6ht + h 2 t 2 ) 

a 22 = m6{ao *\ g e _ ht)4 {2a 2 + ao(12 + ht)g e~ ht + g 2 e~ 2ht (18 + 3ht - h 2 t 2 ) 

x (2a 2 + 3a (4: + ht)g e~ ht + 3g 2 e~ 2ht (6 + 3ht + h 2 t 2 )^ , 

G33 = 3 ?} h2g2e ~ 2h \^ ( 2a 2 + a (12 + ht)g e~ ht + g 2 e - 2ht (l8 + 3ht - h 2 t 2 )) 

512t 9 (a + 3g e~ ht ) 5 \ y ,U y V >) 

x (a (l + 2ht) + 3g e~ ht (l + ht)") (2a (2 + ht) + 3g e~ ht {A + 3ht + h 2 t 2 ) 
a44 = 8^3 (an + 3Q e-^ ( a ° + (3 + M)d ^ 



x 



2 

X 



8a|t 3 (a + 3g e~ ht f 
x (2a 2 + 2a (6 + ht)g e~ ht + g 2 e- 2ht (18 + 6ht + h 2 t 2 ) 

x 



x (2a 2 , + a (12 + ht)ge~ ht + g 2 e~ 2ht (18 + 3ht + 2h 2 t 2 ' 

a 66 = 512f 8^ + 3 ^ e -/ tf) 4 ( 4 «o + 2«o(9 + 2M)<7 e~ w + (18 + 3ht - 3h 2 t 2 )g 2 e- 2ht ) x 
x (a (3 + 2ht) + (9 + 6/it + 2/i 2 t 2 )a e" w ) . 

(3.48) 

To analyze these minors we have to distinguish the two cases ( |3.46|) und ([3.471) . 
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In the first case ( |3.46| ), the conditions for the positivity of the minors are 

2a\ + a (!2 + ht)g e~ ht + (18 + Zht - h 2 t 2 )g 2 e- 2ht >0 

4a 2 + 2a (9 + 2ht)g e~ ht + (18 + 3ht - 3h 2 t 2 )g 2 e~ 2ht > . ( °' U) 

In the case for vanishing ao we obtain ht < 3. In other cases the term is dominant for 
large t and (|3.49|) is true. For the small t, the values of 022, 033 and could be negative. 
However, this depends on the values of g and h. 

In the second case (|3.47|) , the conditions are the same (|3.49|) , with the difference that 
«o < —(3 + ht)ge~ ht . It means all minors are positive for large t as in the previous case. 

To conclude, stable minima do exist for orbifolds with one complex structure modulus. 
In addition, we see that there is a discrepancy between whether we integrate out the 
complex structure modulus or not. The reason for this discrepancy is that the complex 
structure modulus is not heavy and therefore is not allowed to be simply integrated out. 

Finally, we give an example which falls into class (|3.46| ) of the solutions. This example 
is Zq-h on (SU(2)) 2 x 577(3) x G 2 . The superpotential is given by: 

W = 

-U 3 



ie~ ni/6 bo + b 2 + S (ie-^^do - d 2 

(3.50) 



+ ge~ hT 



We choose bo = do = cq = and a 2 = — \ao- Further ao, 62, c 2 and d 2 should be positive. 
In this case, we obtain a superpotential of the form ( |3.42| ) . 

3.6. Orientifolds with three untwisted complex structure moduli 

In the Z2 x Z2 orientifold, we have three untwisted complex structure moduli U l 
undetermined. In this case, all u>Ai and wg. survive, and the (primitive) 3-form flux takes 
the following form: 

1 3 

j— G 3 = J2i A KS, U l ) u Ai + B'tf, u Bi } . (3.51) 

v ' i=0 

The corresponding superpotential ( ^?T| ) becomes: 

3 

W = A [ B°(U l ) - % Bl{U l ) S]+^ t g i e^* 7 * . (3.52) 

i=l 

The coefficients B® 2 are determined by 16 integer valued flux quantum numbers. The 
supersymmetry conditions for this superpotential with seven moduli fields and 16 flux 
quantum numbers have been given in ( |3.15| ). However, it is very involved to solve them in 
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a closed form. Therefore, we reduce the number of fields and parameters by setting two of 
the complex structure moduli equal to each other, e.g. U 1 = U 2 . Then the superpotential is 
somewhat simpler and may be parameterized by eight integer valued fluxes aj (j = 0, . . . , 7) 
in the following way: 



3 

' rj-ii 



W = a + a 1 U 1 +a 2 U 3 + a 3 S + a 4 SU l +a 5 SU 3 + a 6 U 1 U 3 + a 7 SU l U 3 + 



i=l 



(3.53) 

In this case, the effective Kahler potential is given by (c/. section 2): 

3 

k\K = - \n{S + S)-2 IniU 1 + U 1 ) - \n(U 3 + U 3 ) - ^ ln(T* + f l ) . (3.54) 

i=i 

In order to determine the vacuum structure of this class of models we will first use the 
integrating out procedure for all three complex structure moduli, assuming that they are 
heavy compared to S and T l . Again, the aim of this investigation is to see, whether 
there are stable supersymmetric vacua with positive definite mass matrix in S and T or 
not. Hence, we consider the two supersymmetry conditions Dui,2W = 0. Their solution 
becomes (for real U l ): 

( 3 

-2 ( a2 +a 5 S) I « +a 3 3+^2 g l B -h l T* 

u x = ^ ^ 

a O a 6+ a l (o' 2 +a 5 S) + S [(a2 Q 4+ Q Q 7+ Q 4 Q 5 s + c, 3( Q 6+ Q 7 s )]+( Q 6+ Q 7 s ) 9 3 e" W T "' ^ p. 



3 = 1 



u 3 = 



We can now insert this solution back into Eq. ( |3.53| ). This way we derive the following 
effective superpotential: 



3 



W e s(S, T l ) = < 2(a Q + a 3 S + ^ j g t e hT ^j - a 1 (a 2 + a 5 S) + ao(a e + a 7 S) + iS(a 2 a 4 
[ i=i 

+ a 4 a 5 S - a 3 (a 6 + a 7 S)) + (a 6 + a 7 S)^g k e~ hkTk 1/ j^^e - ^ (a 6 + ce 7 S) 

k=i J lj=i 

+ «o a 6 + cti(a 2 + ct^S) + S a 2 a 4 + a^a 7 + a^a^S + a 3 (aQ + a 7 S) 

(3.56) 

The numerator is a polynomial of third degree in S and second degree in denominator. 
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To apply the analysis of [55] requires to compute the ratio w cff L, and to analyze, 



w e{t (sy 

if its value is bigger than one. However, this analysis assumes a superpotential of the form 

3 i i 

W e ff(S) + ^ g l e~ h T . Obviously, our effective superpotential ( |3.56| ) is not of this form. 

i=i 

This would only be achieved for a special choice of the coefficients c^. The condition on 
oii for the numerator and denominator be divisible without remainder is: 

(«i + aiS) («2 + (X5S) = . (3.57) 

After inserting this condition the effective superpotential (|3.56|) becomes 



o 

W eS = 2 (a + a 3 S + ^ ^e"^) . (3.58) 

i=l 

This is again the already analyzed case of the previous section, in which there is no stable 
minimum. 

3.7. Cubic superpotential 

We consider the case of three complex structure moduli (U l ) and three Kahler moduli 
(T l ). To make the calculations simple, we assume U := U 1 = U 2 = U 3 , T := T 1 = T 2 = 
T 3 . The superpotential and the Kahler potential have the following form: 

W = a + a x U + a 2 (U) 2 + a 3 (U) 3 + S(a± + a 5 U + a 6 (U) 2 + a 7 (U) 3 ) + 3ge~ hT , (3.59) 

K = — ln(5 + S)-3 ln(U + U) - 3 ln(T + f ) , g,a„/i6R, h positive . (3.60) 

We rewrite U and T using the real basis: U = u + iv, T = t + ir and compute the 
supersymmetry conditions (DjjW = DtW = 0) at the point of vanishing v and r: 

cto = ge~ ht (— 3 + 2ht) + u(ax,s + a 2 u + 2a§su + 2a 3 u 2 + 3ct7su 2 )) , 

ai = 3ghte~ ht — a$s — u(2a 2 + 2a^s + 3a 3 u + a-jsu) , (3.61) 

«4 = — {ghte~ ht + su(a^ + a^u + aju 2 )) . 

As in the previous cases, we compute the scalar potential and its Hessian at the super- 
symmetric points. This means that we calculate the second derivatives of the potential 
and eliminate ckq, cy.%, «4 by using ( |3.61|) . It is irrelevant which of the parameters or fields 
are eliminated through ( |3.61 ). We choose this particular combination by the criterion of 



simplicity of the later analysis. 
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The Hessian should have positive eigenvalues at the minimum or equivalently, its 
upper-left submatrices should be positive definite. The determinants of the upper-left 
submatrices are of the form 

( 9w 4 (4ao + 8a3«7S + lals 2 ) + w 3 (24ct 2 ct3 + 24a2a 7 s + 24a3«6S + 60aQa 7 s' 
A9>st 6 u 6 V 

+ u 2 {Aa 2 2 + 8a 2 a 6 s + 16agS 2 + 18a 5 a 7 s 2 ) + 12a 5 a 6 s 2 u + 3a 2 5 s 2 ) + O (e~ ht ) , 



(a 5 + 2a 6 u + 3a 7 u 2 ) 2 . _ hf 



g 2 h 2 e- 2ht (2 + ht)(l + 2ht)(a 5 + u(2a 6 + 3a 7 u)) 4 . _ 3ht , 
fl33 = 8192W + ° {e )' 

g 2 h 3 e- 2ht (3 + 2ht)(a 5 + u(2a 6 + 3a 7 u)) 4 , _ 3ht , 
a66 ~ 8192^ + 0{ - 6 >■ 

(3.62) 

For positive flux parameters 0*2, 03, 0,5, oiq, a 7 and in the region of large t (t -4 >> e~ ht ), 
all sub-determinants are positive. So in the case of three complex structure moduli, there 
is some region for which there is a supersymmetric minimum. 

3.8. Open string moduli and soft- super ■symmetry breaking terms 

So far, we have not yet discussed the open string moduli accounting for D3/D7- 
brane positions, Wilson line moduli and matter fields. The .D7-brane moduli 4> 7 j are 
fixed through Wfl ux in the case of /.S-D-fluxes with their respective scalars acquiring soft- 
supersymmetry breaking masses m^ 7 . . The latter have been calculated in P4]-[T7[| . Gener- 
ically, the locations of the D7-branes are fixed to those of the 07-planes. 

After including the non-perturbative superpotential W np , supersymmetry is restored 
at the minimum and the scalar masses take the generic form: 



-6 „kIK iw|2 -• 2 



(m^y = -2 4 e"<* \W\ 2 G^ r j = - «* V G^-^ . (3.63) 

Here, Vq is the value of the potential at the minimum (cf. Eq. (|3.13| )) and G ^ ^ is the 
metric of the fields (p 7 j. Since supersymmetry is restored, these masses correspond to some 
sort of effective ^-terms in the superpotential (|3.1| ) . Nevertheless, the soft-supersymmetry 
breaking mass terms m^ 7 . are important quantities as they represent certain coefficients of 
a low-energy supergravity expansion of the .D-brane dynamics (encoded in the Born-Infeld 
action) coupled to non-vanishing 3-form fluxes. Moreover, as we shall argue in subsection 
4.2, they are relevant for the discussion of possible non-perturbative contributions W np to 
the superpotential. For the Z2 x Z2 orientifold, the relation between m,p 7 . and m<p 7 . may 
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be determined by the F-terms, given in subsection 4.1. E.g. the gaugino mass m g j of a 
D7-brane, which is transversal to the j-th. internal complex 2-plane becomes 



m 



9 -3 



m 



9-3 



1 + 



(T'i + 'I J ) (/'li' e 
WW 



-h'T 3 



(3.64) 



with m 9i j the gaugino mass before introducing the non-perturbative superpotential W, 
Hence, e.g. for all Kahler moduli T J and the parameters h? ,g J equal, we find: 



np- 



in 



9,3 



m 



9,3 



m g ,k rn g ^k 



(3.65) 



Hence, the ratio of gaugino masses after inclusion of W np is given by the same ratio as 
without W np . Strictly speaking, this ratio is only valid for the case F M ^ 0. Similar rela- 
tions may be found for other soft-masses. Eventually, soft-supersymmetry breaking terms 
after the KKLT uplift, i.e. after inclusion of the anti _D3-branes, have been determined 
recently in Ref. []5"5| . 

The type IIB orientifolds, introduced in section 2, imply 64 03-branes with negative 
-D3-brane charges. At the orbifold point, no extra contribution comes from the induced 
-D3-brane charge of wrapped _D7/07-stacks (without world-volume 2-form flux on the 
D7). Hence tadpoles must be cancelled by adding D3-branes or/and some amount of flux 
Nfiux- The original KKLT proposal is, that only JS'.D-flux should be turned on in order to 
have a reliable supergravity approximation at least before the uplift. Since JS'-D-fluxes do 
not freeze the positions of -D3-branes, the tadpoles should be cancelled by pure flux, i.e. 
Nfi ux =64. It has been shown in Ref. ||56|| , that ISD-Quxes with Nfi ux = 64 are possible 
in the Z2 x Z2 orientifold. 



4. Non— perturbative superpotential, moduli stabilization and resolved orb- 
ifolds 

4-1. The non-perturbative superpotential 

We will first present some general facts about the non-perturbative superpotential due 
to wrapped Euclidean D3-brane instantons. As an alternative but related mechanism to 
generate a non-perturbative superpotential we also discuss gaugino condensation in the 
effective N=l gauge theory that lives on D7-branes wrapped on internal 4-cycles. As we 
will see, this possibility of getting a non-perturbative superpotential is largely influenced 
by the 3-form flux turned on. Hence there is a very non-trivial interplay between the 
tree-level superpotential due to 3-form flux and the non-perturbative superpotential due 
to D3-brane instantons and/or gaugino condensation. Some useful papers on this subject 



include Ref 3. [24,57,25,mB3,E8,32 
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We start with some type IIB orientifold on a 6-dimensional CY space M3 with some 
possible 3-form flux G3 through some 3-cycles E. Assume that M3 possesses a com- 
plex 2-dimensional divisor, called Oj. The relevant question is whether in Eq. non- 
perturbative effects contribute to a non- vanishing superpotential of the form 

W nj> ~ 9i e~ hiVi , (4.1) 

where Vi denotes the volume of Oi. The constant hi in the exponent depends on which 
mechanism, .D3-brane instantons or gaugino condensation, is responsible for the generation 
of VFnp. The most important question is, if, for any given Oi, gi is zero or not. (The even 
more difficult problem is what the value of gi is, and whether it depends on the complex 
structure moduli, which is expected on general grounds.) This question can be answered 
in three different, but related ways: 

(i) Euclidean D3-brane instantons in type IIB 

We consider possible contributions to W np from Euclidean D3-branes wrapped on Oj. In 
order to decide whether one gets a contribution to W np , one has to count the number of 
fermionic zero modes, n/, on the world volume theory of the iD3-branes. According to 
||24j| , rif must be 2 in order for g^ to be non- vanishing. The actual value for rif crucially 
depends on the number of supersymmetries which are supported by Oi. However, this 
number also depends on the 3-form flux G3 turned on. Hence it is useful to define the 
number of fermionic zero modes in the presence of 3-form flux by the number nf(Gs)- 
The actual requirement for a non- vanishing superpotential now is that nf(Gs) = 2. 

In a N=l supersymmetric Yang-Mills gauge theory, the contribution from a single 
_D3-instanton to the superpotential is given by the following expression: 

W np ~ A 3& . (4.2) 

b is the 13- function coefficient of the corresponding group (see below), and A is the dynam- 
ical scale of the gauge theory: 

8vr 2 

A 3 = e"^. (4.3) 

After relating the gauge coupling to the volume (c/. subsection 4.3 for a definition of the 
gauge coupling) of Oi, 

47T 

Vi , (4.4) 



9 2 



one obtains 



W np ~ 9i e"^ . (4.5) 

So hi = 2tt. 
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(ii) Euclidean M5-brane instantons in F-theory 

A second description is given in terms of F-theory on a four-manifold M4. Here we 
are considering Euclidean M5-branes wrapped around a six-dimensional divisor inside 
M4. M4 is an elliptic T 2 fibration over some six-dimensional II B base Bq. The condition 
for a non-vanishing superpotential in F-theory now is given by the requirement that the 
arithmetic genus XD t = 1 fl58|, where XD t is given by the following formula: 

XDi = fyo,o)(A) - fyo,i)(A) + fyo,2)(A) - fyo,3)(A) • (4.6) 

Just like in the L>3-brane case, the number of fermionic zero modes, the arithmetic 
genus can be "changed" in the presence of 4-form flux G4 in F-theory. This gives rise to 
an effective arithmetic genus XDiiG^). Therefore it is not necessary that the geometric 
arithmetic genus XD t is one, but rather the requirement for a non-vanishing superpotential 
becomes XDiiG^) = 1. Whether this condition is fulfilled depends again on the number 
of supersymmetries preserved by the flux. In particular, if the flux preserves N=2 super- 
symmetry, then in general XDAG4) 7^ 1. On the other hand if G4 preserves N=l, one can 
expect the above condition to be satisfied. 

(in) D7-branes in type IIB orientifolds and gaugino condensation 

Instead of wrapping L>3-branes on Oi respectively 5-branes on D^, we may also consider 
a stack of N .D7-branes which fill the space-time and wrapped around four-dimensional 
divisors Oi. In general orientifold compactifications, the existence of the .D7-branes is in 
fact forced by the tadpole cancellation conditions, namely in order to cancel the Ramond 
charge of the orientifold planes. Now consider the open string spectrum on the D7-branes. 
It is in general given by an effective N=l supersymmetric SU(N) gauge theory with some 
additional matter fields. In the following we will study the conditions, under which gaugino 
condensation will take place in the effective N=l gauge theory on the L>7-branes and will 
lead to a contribution to W np . 

First consider pure N=l Yang-Mills gauge theory with gauge group G without any 
matter fields. Gaugino condensation generates a nonperturbative superpotential 

8tt 2 

W np ~ A 3 = e"^ , (4.7) 

With eq.([14D we then get 

Wnp ~ 0i , (4.8) 

and hence hi = 2n/b for pure SQCD. 
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Now consider N=l SQCD with gauge group G = SU(Nc) and with Np matter 
fields Q, Q in the fundamental plus anti-fundamental representations Np(N c © Nc)- For 
Np < Nc, there is a dynamically generated superpotential (for a review see e.g. |59T| ) 



Here, b = 3Nc — Np is the N=l /3-function coefficient of SQCD. The vacuum expectation 
values of the meson superfields M ~ QQ break the gauge group SU(Nc) to the non- 
Abelian subgroup SU (Nc — Np). If Np = Nc~l, the superpotential is generated by gauge 
instantons. On the other hand, the superpotential arises due to the gaugino condensation in 
the unbroken SU (Nc — Np) gauge group. Therefore the gaugino condensate is determined 
by the scale of the unbroken gauge group, (AA) ~ A^ c _ Np , where the scale An c _n f 
of the low-energy SU(Nc — Np) gauge theory can be associated to the scale A of the 
high-energy gauge theory as A S ^^ N ^ F ^ = A 3Nc ~ Nf /detM . This precisely yields the 
effective superpotential eq. ( [4.9|) . Finally, for Np > Nc there is no dynamically generated 
superpotential of this type. 

It is also important to know what is happening if the squarks fields Q and Q get a 
mass. Consider the case where we have N' F matter fields with some common mass m. If we 
are interested in the effective low energy field theory, i.e. for energies much smaller than 
the masses of the squark fields, they decouple and the low energy theory is SU(Nc) with 
Np — Np flavors. For this theory the previous discussion applies. So in the case where all 
squark fields are heavy, one is back to gaugino condensation in pure SQCD. 

An interesting class of relevant models are N=l quiver gauge theories with gauge 
group G = SU(Nc) x SU(N C ) and bifundamental matter fields in the representations 
(N c , N' c ) + h.c. (plus possibly massless adjoint fields). These models generically appear 
as effective gauge theories of intersecting D7-branes. One way to analyze the dynamics of 
these field theories is to consider SU (N' c ) as the flavor group of the SU (Nc) gauge group 
and vice versa. Then the /3-function coefficient for SU(Nc) becomes b = 3Nc — N' c , and 
analogously for SU(N' C ). For N' c > Nc, gaugino condensation in the SU(Nc) part is 
excluded, but is possible in the SU(N' C ) gauge theory. However, following our previous 
discussion, for N' c = Nc it will not be possible in either of the two gauge group factors. 

Next let us briefly discuss what will happen if one adds also Np massless adjoint 
chiral matter fields X. The N=l /^-function coefficient for G = SU(Nc) becomes b = 
(3 — Np)Nc — Np. Obviously, for Np > 3 asymptotic freedom is lost, and there will 
be no non-perturbative superpotential. However also the remaining cases Np = 1,2 are 
problematic. For Np = 1 and Np = without tree level superpotential, the theory 
becomes N=2 supersymmetric. This theory is known to possess a moduli space in the 
Coulomb branch without dynamical superpotential. Adding a tree level superpotential 




(4.9) 
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Wt ree ~ TrX + . . . might change this conclusion, but the discussion now becomes more 
model dependent. Similarly for Np = 2 with a tree level superpotential it is not possible 
to make very specific statements. 

In conclusion we have seen that the possibility of having a non-perturbative super- 
potential is indeed rather model dependent. Therefore we like to simplify the discussion 
and want to formulate a few simple conditions, which are sufficient but not always nec- 
essary for a non-perturbative superpotential (later we will discuss how these rules can by 
implemented by the L>7-branes in orientifold models): 

1. ) For a non-vanishing W np we require that all fundamental matter Gelds, if present, 
become massive. This conditions implies some strong conditions on the world volume 
theory of the D7-branes. Massless bi-fundamental matter fields typically arise as open 
string states localized at the intersection loci of two D7-branes. The number of those 
states depends on the geometrical intersection number and also on the open string 2-form 
magnetic fluxes on the D7-branes. So we will essentially require that those L>7-branes 
which are responsible for gaugino condensation in the hidden gauge sectors do not intersect 
each other. 

2. ) For a non-vanishing W np we require that all adjoint matter fields, if present, become 
massive. As we will discuss later, the number of massless adjoint chiral multiplets is a 
3-form flux dependent quantity. This means in particular, that possibly after turning on 
some 3-form flux, 

a) there are no massless adjoint scalar fields associated to the positions of the D7-branes 
in the space transversal to 0% (called position fields </>7 in the following), 

b) there are no massless adjoint scalar fields living on the D7-branes being associated to 
Wilson lines (called Wilson line fields <p' 7 in the following). 



4.2. M 3 = T 6 /( Ztv x Tim) 

These are the models which are of main interest in our paper. The simplest model 
of this class is the Z2 orientifold with M3 = T 6 . This model was recently considered 
in J26] and some time ago originally in [fTT |. In this case, the F-theory lift is described 
by M4 = (T 4 x KZ2)jZ%. AH type IIB divisors are simply T 4 . In F-theory, we get 
Di = T 4 x T 2 . Since Xt 4 xT 2 = 0, a non-perturbative superpotential due to Euclidean 
5-branes is excluded. We briefly compare this result with the spectrum of the type IIB 
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orientifold. Since T 4 supports 16 supercharges, it simply follows that n/ = 16, i.e. no 
superpotential.i 

The spectrum can be again changed by turning on 3-form flux. As shown in ||26|| . 
the number of fermionic zero modes on the L>3-branes is reduced by a particular (2,1) 

3- form flux C?2,i from 16 to rif(Gs) = 4. So we see that turning on G^i is not sufficient 
to generate W np . However, one expects that by turning on additional 3-form fluxes, the 
number of fermionic zero modes is further reduced, and a non-perturbative superpotential 
may eventually become possible. 

Now we will turn to the general T 6 / (Z^r x Zm) orientifolds. Many of these orientifolds 
require D7-branes for tadpole cancellation. Since the Zn x Zm orbifold group now has 
a non-trivial action on the six-dimensional space, the four-dimensional divisors Oi split 
into two classes: (a) untwisted divisors Di and (b) twisted, i.e. exceptional divisors E a . 
The untwisted divisors are in one-to-one correspondence with the untwisted 4-cycles of 
the orbifold. The number of linearly independent untwisted divisors is precisely given by 
the untwisted Hodge number fo^T' of the orbifold, i.e. the number of untwisted Kahler 
moduli. On the other hand, the twisted divisors correspond to the twisted, blown-up 

4- cycles of the orbifolds, which arise after resolving the orbifold singularities. Hence the 
number of linearly independent twisted divisors is given by the number of twisted Kahler 
moduli on the orbifold, namely by fo(7T) • ^ ne ac t U£ d values for h^^', ^^"l) m eacn 
of the orientifold examples can be found in Table 1 and 2. According to our previous 
discussion, a gaugino condensate will form if there are no massless fundamental and no 
massless adjoint matter fields on the world volume theories of the L>7-branes. This means 
that the respective divisors do not intersect each other and hence there are no massless bi- 
fundamental fields, and that the adjoint matter fields are absent or massive due to 3-form 
fluxes. In the following we will now consider each case separately: 

(a) Untwisted divisors in the orbifold limit 

In the unresolved orbifolds, the untwisted divisors always have topology Di ~ T 4 . The 
untwisted open string states on the D7-branes wrapped on T 4 are always given by N=4 
super Yang-Mills multiplets of the gauge group G. It contains 1 adjoint chiral position field 
</>7 and 2 adjoint Wilson line fields cj)' 7 . In addition, if we consider Nq and N 3 C D7-branes 

5 It is perhaps interesting to note that the geometric arithmetic genus of T 4 x T 2 , expressed 
in terms of the Hodge numbers of T 4 can be written as 

Xt4xt 2 =/i ( o,o) (T 4 ) ~ h {0 ,i)(T 4 ) + V 2) (T 4 ) =0. (4.10) 

The actual numbers /i( 0i i)(T 4 ) = 2 and h( 0t2 ){T 4 ) = 1 perfectly agree with the number of massless 
adjoint fields on the D7-branes. 
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wrapped on two untwisted divisors Di and Dj, there are massless bi- fundamental matter 
fields. More specifically, the three Di are defined by the algebraic conditions z % = a 1 = 
const. Therefore they mutually intersect each other on the (complex) one-dimensional 
subspaces z % = a\ z- 7 = a J (i 7^ j). The corresponding triple intersection number is just 
one. (Here we do not consider possible 2-form flux on the -D7-branes.) The twisted open 
string spectrum on this common intersection locus can be easily determined and is given by 
massless bi-fundamental matter fields in the representations (N l c , N J C ) +h.c. of the gauge 
group G = U{Nq) x U(N 3 C ). Similarly, if we consider models with more than three Kahler 
moduli, like the Z3 and Zq-i orientifolds, the additional untwisted divisors are defined by 
equations like D4 = z\ + Z2 = const. These divisors mutually intersect with all other Di. 
(However the triple intersection number vanishes for some combinations, e.g. the triple 
intersection number D\ ■ D2 • -D4 = 0). Therefore we again get massless bi-fundamental 
matter fields on the intersection of all these untwisted divisors. 

So the presence of the massless adjoint fields (j)-? and (J)' 7 and also the possible bi- 
fundamental matter fields due to D7-brane intersections will hamper the formation of a 
gaugino condensate. Hence the important question is again, which 3-form fluxes make the 
fields <p7 massive, and which 3-form fluxes are responsible for the masses of the fields <f)' 7 . 
More precisely, in order to get a non-vanishing superpotential, those 3-form fluxes have 
to be turned on in such a way that the N=4 supersymmetry on the world volume of the 
_D7-branes is broken to N=l supersymmetry. Then the untwisted open string spectrum 
contains only one massless adjoint N=l vector multiplet and no further adjoint chiral 
multiplets. This should be possible by turning on two kinds of possible 3-form fluxes. 
First, (^2,1 generically gives a mass to <p 7 . This is the effective, supersymmetric /U-term 



which is of the following form fH; 



G3 A U>A ■ 



(4.11) 



Next consider 3-form fluxes which can give a mass also to the Wilson line fields. This kind 
of 3-form fluxes were considered in \TA\ and in |1C] in the context of softly supersymmetry 
breaking mass parameters. There, it was shown that the (0, 3)-form flux Go, 3 indeed 
generates a mass for the adjoint Wilson line scalar fields <f>' 7 . (In addition, the (3,0)-form 
flux G3 flux will also contribute to the masses of the fields (p 7 .) The specific mass term 
for the two adjoint matter fields has following form |T^,^B[ (in case of vanishing 2-form flux 
on the D7-branes): 



G 3 Afi 



(4.12) 



More precisely, at the extremum Vq of the scalar potential, the soft-masses are given by 
Eq. ( |3.63| ). One might worry that G(o,3) completely breaks all supersymmetries on the 



50 



-D7-branes. This is indeed the case without W np . However, as we have seen in the previous 
chapter, in the context of full moduli stabilization with non-perturbative superpotential, 
supersymmetric AdS-vacua are possible in the presence of these more general 3-form 
fluxes. So in conclusion, without being more specific, it is quite reasonable to assume 
that after turning on specific 3-form flux components GW3), G^o) an d, if allowed by the 
orbifold twist, also G( 2 ,i), ^(1,2)5 au unwanted adjoint matter fields become massive. 

Next we turn to the problem of the massless matter fields in bi-fundamental repre- 
sentations due to D7-brane intersections. As explained before, they are always present if 
more than one stack of L>7-branes are wrapped on the untwisted divisors Di in the un- 
resolved orbifold space. However after the resolution of the orbifold singularities some of 
the divisors Di do not intersect anymore. In physical terms this means that the twisted 
blowing-up modulus fields acts as a mass parameter for the bi-fundamental matter fields. 
Therefore the bi-fundamental matter fields from open strings spanned between D7-branes 
around these two divisors became massive. A short discussion on resolved orbifolds will 
be given in section (4.3). Many more details based on a toric description of the divisors 
will be presented in fl3l| . 

(b) Twisted divisors 

The twisted divisors E a correspond to the twisted 4-cycles on the orientifold and 
receive a finite volume after blowing up the orbifold singularities. Generically they cannot 
be moved inside the compact space. The orbifold group generically reduces the number of 
supersymmetries from N=4 down to N=l. Therefore the twisted divisors are expected to 
contribute to the superpotential without turning on additional 3-form fluxes. In F-theory 
language it means that the arithmetic genus of the twisted divisors is generically equal to 
one. This can be also seen from the L>7-brane perspective. Wrapping £>7-branes around 
twisted divisors means that we are considering open strings at orbifold singularities. After 
blowing up the twisted 4-cycles, the corresponding open string gauge theory on the D7- 
branes generically is that of pure N=l Yang-Mills. Hence gaugino condensation will take 
place. If one wants to avoid massless chiral multiplets in the bi-fundamental representation 
of the gauge group, one has to choose disjoint twisted divisors which do not intersect. The 
intersection pattern of the E a can be again best read off from the toric diagrams, cf. Ref. 
|3lH ■ It can be seen that there exist several possibilities for twisted divisors E a that do not 
mutually intersect. 

As a specific model with exceptional divisors that lead to a non-vanishing superpoten- 
tial the T 6 /(Z 2 x Z 2 ) orientifold was recently investigated in full detail in ||32|| . This model 
allows for an F-theory description in terms of an elliptic Calabi-Yau four-fold. The super- 
potential arises due to 48 D3-branes which are wrapped around all 48 linearly independent 
exceptional divisors. In addition, this model also contains 12 stacks of 8 .D7-branes which 
are wrapped on 12 disjoint divisors that are linear combinations of the 3 untwisted divisors 
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and 12 particular twisted divisors. In this model, the D7-branes cancel the Ramond charge 
of the 12 orientifold 07-planes in a local way. It follows that the open string spectrum is 
given by pure N=l Yang-Mills with gauge group G = SO(8) 12 . 

Let us try to summarize the discussion of this section: in N=l orientifolds, Euclidean 
D3-instantons and/or gaugino condensation on D7-branes generically do generate a non- 
perturbative superpotential. For D3/.D7-branes being wrapped around untwisted divisors 
one needs certain 3-form fluxes for a non-vanishing superpotential. Moreover if one wants 
to avoid massless matter fields in bi-fundamental representations due to .D-brane inter- 
sections, one has to resolve some or all orbifold singularities. If the branes are wrapped 
around twisted divisors, all conditions for a non-vanishing superpotential are in general 
met without any further fluxes. We are confident that the conditions for a non-vanishing 
W np can be satisfied in many or if not all of the considered orientifold spaces, although we 
do not provide here concrete, full fledged string models with all tadpole conditions satis- 
fied. (An nice concrete example is the model considered in ]3!|.) Nevertheless we assume 



that the total non-perturbative superpotential can be written in the following form: 

„ untw . „ twist . „ untw . r, t r untw . „ twist . 

n 3 n 3 n 7 j> n 7 27rV t y lat - 

W np = e" 2 ^ untw -+ £ e" 2 ^ W,St '+ Yl e~^ 7Wr + J2 ■ (4-13) 

j = l a=l j' = l a' = l 

The first two terms denote the non-vanishing contributions of the Euclidean D3-instantons 
wrapped around n^ ntw ^ untwisted divisors and n3 Wlsti twisted divisors with volumes ]/ untw - 
or V^ wist ', respectively. The last two terms describe the contribution from the gaugino 
condensation on different stacks of -D7-branes, which are wrapped around rij ntw ' untwisted 
divisors and ?ly W1St ■ twisted divisors with volumes V^ ntV1 ' or V^7 ist ', respectively. The 
numbers bj>(G), b a >(G) are the suitably normalized /3-function coefficients of the associated 
effective gauge theories. For pure N=l Yang-Mills, the /3-functions coefficients are just 
given by the quadratic Casimir invariants C2 (G) of the gauge group G. It is instructive to 
compare this superpotential with the one obtained in the Z2 x Z2 model of Here, there 



are 48 twisted divisors contributing to the D3-brane part and 12 twisted divisors associated 
to the L>7-branes; setting all twisted volumes V^ wlst ' and also all volumes V^7 ist ' equal to 
each other, the superpotential ( |4.13|) reduces to (see eq.(6.17) in [3^] ) 



27rV twist. 

-27rV* wlat ' 



W np = 48 e" 2 ^ +12e a . (4.14) 

4-3. Moduli Stabilization in the resolved Z2 x Z2 orientifold revisited 

It has been pointed out in Ref. |35[ and demonstrated in detail in subsection 3.6 



for the case h^^' = 3, h^^' = 1> that first integrating out the dilaton field S and the 
complex structure moduli £7 J is not necessary to find a stable supersymmetric minimum 
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w.r.t. the Kahler moduli T l . In fact, in the recent work |[32|| , it has been shown that 
a stable supersymmetric minimum is possible in the resolved (T 2 ) 3 /Z2 X Z2 orientifold. 
More concretely, the latter type IIB compactification with ^(1,1) = 51, /i(2,i) = 3 allows 
for supersymmetric minima with all moduli fixed at the same time, i. e. without integrating 
out first U 3 and S. This result is interesting as the Kahler potential involves a non-trivial 
dependence on the Kahler moduli which is quite different from the cases discussed in 
section 3. Moreover, both ISD and IASD fluxes are turned on. 

In this subsection, we shall investigate some aspects of the stabilization of ]3!| . With 
Ti being the volume of the three two-tori T 2 '* and tia^p the size of the 48 exceptional 



divisors, the Kahler potential for the Kahler moduli reads |32 



K = -2 \n(V) = -2 ln(r 3 - 24rt 2 + 48t 3 ) (4.15) 

on the locus of moduli space, which maximally respects the symmetries between the di- 
visors, i.e. r = ri, tiaj/3 = t. The parameters r, t refer to the string moduli fields 
(cf. the discussion in subsection 2.5). Hence, with ReT 1 = e~^ 10 (§fcr + | 7^-) and 
ReT 2 = — j| e~^ 10 ^ following from the relation ( |2.8| ), we determine the field-theoretical 
moduli to be: 

T 1 = e~^ 10 (r 2 — 8rt + 16t 2 ) + i f C 4 , T 2 = e~^ 10 (rt — 3t 2 ) + i f C 4 . (4.16) 
This allows us to express the Kahler potential (|4.15|) with the holomorphic coordinates: 



K K = 6 In 2 + 2 ln(T 2 + T 2 ) - In j (T 1 + T 1 ) + 2 (T 2 + T 2 ) 
— (T 1 +T X ) 1/2 [T 1 +T 1 +4 (T 2 + T 2 )] 1 / 2 } 

-21n|(T 1 +T 1 ) 2 + 16 (T 1 + T 1 ) (T 2 +T 2 )+ 32 (T 2 + T 2 ) 2 (4.17) 

+ (T 1 +T 1 ) 3 / 2 [(T 1 +T 1 )+4 (T 2 + T 2 )] 1 / 2 

+8 (T 2 +T 2 ) (T 1 +T 1 ) 172 [(T 1 +T 1 ) +4 (T 2 +T 2 )] 1 / 2 } . 

The Kahler potential for the dilaton and three (untwisted) complex structure moduli U 3 , 
with £/" J = [/, is given by (cf. section 2) 

K C s = -ln(S + S) -3 ln(U + U) . (4.18) 

With these Kahler potentials, the tree-level superpotential Wq ux (S, U 3 ) of ( |3.1| ) and the 
non-perturbative superpotential ( PI ), with l^ wist - = T 2 and V^7 ist ' = T 1 , i.e. the full 



superpotential 

W = W Rux (S, U 3 ) + 12 A e" 27r tt + 48 A e~ 2n T ' , (4.19) 
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a miminum is found at the values 



T x = 5.84 , T = 1.18 , U = 0.84 + 0.46 i , S = 3.64 + 7 i , 

with —A = e~ Kcs / 2 = 5.87. Note, that the factor A has been introduced^ in [^2j as 
"Kahler gauge" . Though the fluxes turned on are non-supersymmetric, supersymmetry is 



restored after including the non-perturbative potential ( f4.14j ) and all moduli are stabilized 
at the above values. Indeed, we have checked that the mass matrix for the scalar fields 
S, U.T 1 ^ 2 is positive definite, with the following eight positive eigenvalues: 

{0.00010817 , 0.000128819 , 0.00030082 , 0.000354985 , 

(4.20) 

0.0105129 , 0.0112272 , 0.0925661 , 0.096739} . 

Like the orbifold example discussed in subsection 3.6, this represents a case where the 
combined minimization of the moduli S, U, T , T 2 at one stroke leads to a stable minimum. 
As one can see from the eigenvalues, the masses of the scalars of the dilaton and complex 
structure moduli are by a factor of one hundred larger than those of the Kahler moduli. 

The Kahler potentials for the blown up orbifold compactifications (e.g. Eq. ( |4.17| ) for 
Z2 x Z2 in the symmetric resolution) take a quite different form from the ones for the 
cosets in ( |2.7j) , relevant to the unresolved orbifolds. Hence the discussion about finding 
stable minima in the context of orbifold limits of orientifolds in section 3 has to be redone 
for those more involved Kahler potentials ||31|1 - 

One may now ask the question whether with a more complicated Kahler potential 
such as ( |4.17| ), first integrating out the complex structure modulus is possible, i.e. whether 
a minimum may still be found. To check this, let us start with the superpotential 

W = a x + a 2 S + 12 e" 27r ^ + 48 e~ 27T T ' , ol { e C (4.21) 



and the Kahler potential ( 4.17 ) for the Kahler moduli and Ks = — ka(S + S) for the 



dilaton field. This may be a situation which appears after integrating out one complex 
structure modulus or it may mimic the situation of resolved orbifolds without complex 
structure moduli. To minimize the potential, we proceed like in the previous section: At 
the extremum for which F$, -Ft 1 j Ft 2 = 0, we solve for the parameters a.\ and obtaining 
a non-trivial relation between the parameters ai,a 2 and the moduli S, T l 7 T . However, 
after plugging these relations into the mass matrix, we find that the latter has negative 



6 In fact, in practice [[32]], one may first look for a minimum in the T 1 , T 2 -sector for constant 
S,U J and Wn ux (S, U J ), then promote this minimum to a minimum in the full moduli space 
S, U, T , T 2 through introducing the Kahler gauge. Of course, the values for T , T 2 do not change 
this way. 
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eigenvalues. Hence, there is in general no minimum for this setup with one complex 
structure modulus integrated out, though stable minima may be found within the Kahler 
moduli sector T 1 , T 2 , while keeping S fixed (c/. the previous footnote). On the other hand 
to discuss the situation in the above discussed Z2 x Z2 orientifold one has to integrate 
out three complex structure moduli. The results, discussed in subsection 3.7, should be 
combined with the above non-perturbative superpotential. 

To conclude, while for orbifolds with complex structure moduli it is always possible 
to find a stable minimum both at the orbifold point and after resolving, orbifolds without 
complex structure moduli do not seem to allow for moduli stabilization both at the orbifold 
point and after their resolution. This issue among others will be discussed in more detail 



m 



4-4- Outlook: Resolved Orbifolds 

As the analysis in section 3 has shown, all the those orbifolds with no complex structure 
moduli do not allow a stable vacuum. This leaves only the Zq- orbifolds on the different 
lattices, the Z2 x Z2- and the Z2 x Zg-orbifold in the game. But can these receive 
contributions to the non-perturbative superpotential at the orbifold point? 

From D3-brane instantons, it must be checked whether any of the divisors present 
fulfill the criterion \ = 1. Exceptional divisors, resulting from blowing up the orbifold 
singularities are likely to contribute, as they are fixed at the locations of the singularities 
and therefore have no moduli. 

Let us now consider contributions originating from gaugino-condensates. Z2 x Z2 
and Z 2 x Z 6 have each 12 07-planes using the standard orientifold involution, sitting at 
the planes corresponding to z l = 0, |, |r, |(1 + r), z^ ,z k = free, where r is the modular 
parameter of the torus corresponding to z % . Canceling the tadpoles locally by placing the 
_D7-branes on top of the 07-planes, we end up having bifundamental matter, as the divisors 
wrapped by the iD7-branes intersect. This means that we do not have a pure SYM-theory 
and therefore no contribution to the non-perturbative superpotential can arise. Resolving 
the singularities via blow-ups cures this problem, as the arising exceptional divisors change 
the intersection pattern of the divisors such that the divisors which are wrapped by the D7- 
branes no longer intersect. That we get gaugino condensates for Z2 x Z2 has been shown in 
|3lfl . For Z2 x Zq, the question whether there is adjoint matter must be settled first. The 
Z6-77-orbifolds have four stacks of 07-planes with the exception of the SU (2) x SU (6)- 
lattice which has one stack of 07-planes. For these cases, the question of existence of 
gaugino condensates at the orbifold point remains to be studied in detail. 

When resolving the orbifold singularities, all orbifolds except for the prime orbifolds 
Z3, Z7 and Z3 x Z3 which do not allow 07-planes are possible candidates for moduli 
stabilization via gaugino-condensates. It is more difficult to settle the case for contributions 
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coming from .D3-brane instantons, as an analysis of the F-theory lift of the model seems 
inevitable, yet for many of the orbifolds in question, no F-theory lift is known to exist. At 
any rate, orbifold models without complex structure moduli do not exhibit a stable uplift 



even in the resolved case 31 



We will address the questions outlined above in Ref. f3~l|| . The first steps will be the 
local analysis of the models at the location of the orbifold singularities via the methods 
of toric geometry. In a next step, the local patches must be glued together to form the 
compact model. An orientifold-action must be determined, and after the divisors which 
are wrapped by the F>7-branes have been identified and their topology analyzed, it is 
possible to ascertain the existence of gaugino-condensates. 

As an illustration, we present here the toric diagrams of the blow-ups of the local 
models for Z 6 _// and Z 2 x Z 6 . Near the location of a fixed point, the orbifold T 6 /Zn 
looks like C 3 /Zat, irrespective of the lattice the orbifold lives on. The lattice becomes 
important when the local patches are glued together to form the compact model, as for 
each lattice, the configuration of the singularities turns out to be different. 
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Figure 1: Toric diagrams of the resolutions o/C 3 /Z 6 _/j and dual graphs 

Figure 1 shows three of the five possible resolutions of C 3 /Zg_//. The other two can 
be obtained by taking case b) and flopping the curve E\ ■ E<i to E3 ■ Di and taking case 
c) and flopping the curve E\ ■ E% to -D3 • E4. The Di denote the divisors inherited from 
the unresolved geometry, whereas the E$ denote the exceptional divisors. There is one 
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compact exceptional divisor, namely E\. The diagrams in the bottom row are the dual 
graphs, where faces have become vertices and vice versa. 

Figure 2 shows one of the 156 possible resolutions! of C 3 /Z2 x Zg. Here, we have two 




Figure 2: Toric diagram of one of the resolutions o/C 3 /Z2 x Zq and dual graph 



5. Conclusions 

This paper deals with moduli stabilization in type IIB orientifolds a la KKLT, i.e. 
with tree-level 3-form flux superpotential plus non-perturbative superpotential from D3- 
instantons and/or gaugino condensation. The main emphasis of the work are orientifold 
compactifications in their various orbifold limits. We show that it is indeed possible to find 
stable (i.e. tachyon free), supersymmetric AdS-minima with stabilized dilaton, untwisted 
Kahler T % and untwisted complex structure moduli £7 J , as long as the geometrical orbifold 
group still allows for the existence of untwisted complex structure moduli fields. On the 
other hand, if the orbifold group action already freezes all complex structure moduli, then 
the scalar potential in the S, T l -sector is such that the (mass) 2 matrix for these fields 
contains negative eigenvalues. We also point out some problems with the integrating out 
procedure of complex structure moduli, namely we investigate cases, where integrating 

7 The number of possible triangulations was obtained using the package TOPCOM. 
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out the £7 J leads to non-stable AdS-vacua in the remaining S, T l potential, whereas the 
minimization of the full S, T l , £P potential does not suffer from any instabilities. 

In the paper we give a complete classification of the untwisted moduli spaces of all 
type IIB orientifolds, together with the flux quantizations of the Ramond and NS 3-form 
fluxes on the orbifold spaces. We also provide the correct definitions of the untwisted 
Kahler moduli fields for type IIB orientifolds, including also the orbifolds with more than 
three Kahler moduli T % . However we would like to emphasize that we do not claim in this 
paper that we have constructed full-fledged type IIB orientifold models with all moduli 
fixed. The reasoning for this caveat is two-fold: 

(i) We mainly stick to the orbifold limit. Hence we do not analyze the stability properties 
of the blow-up (i.e. twisted) moduli, which are nevertheless still present. 

(ii) We do not discuss in great detail the form and the microscopic origin of the non- 
perturbative superpotential, but just parameterize it by a sum of exponential functions 
given in terms of the untwisted Kahler moduli. Again, the blowing up of the orbifold 
singularities will be very important for a more complete analysis. 



Both these points as well as other aspects will be addressed in a forthcoming paper |3l]] . In 
this work we just remark on some properties of the potential including blowing-up moduli 
of the concrete type orientifold, which was recently constructed in |52|]. Specifically, we 
extend the work of |3^] by writing the Kahler potential and the superpotential in terms 
of the correct supergravity variables for the Kahler moduli fields. In this way, a Kahler 
potential is obtained which differs quite a bit from the standard Kahler potentials which 
are used in string compactifications on orbifold spaces. 
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Appendix A. Complex structures of Z^— an d Zjy x Z^- orbifolds 

In this appendix, we will derive the complex structures and Kahler moduli of all the 
Z at- and Zn x Z m -orbifolds listed in tables 1 and 2 which were not treated already in the 
main text, i.e. Z 6 _j, Z 6 _jj, Z 7 , Zi 2 _j, Z 3 x Z 3 , Z 2 x Z 6 , Z 2 x Z & and Z 6 x Z 6 . 

Throughout the whole section, we shall work with the heterotic anti-symmetric 2- 
form i?2- We have already explained in section 2, that the 2-form components entering 
the Kahler moduli have to be replaced by the corresponding part of the Ramond 4-form in 
the type IIB orientifolds we are discussing. This map is obvious due to Poincare duality 
on Xq. 
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A.l. 7iQ_i-orbifold 

The action of the Z 6 _j—twist on the complex coordinates is as follows: 



G\ x SU{3)-lattice 



e 2W z l 



1 

6 



1 

6 



v = —- 



6 



(A.l) 



On the root lattice of G\ x SU(3) : the twist Q has the following action (see discussion 
in section 3): 

Q e\ = 2 ei + 3 e 2 , Q e 2 = — ei — e 2 , 

(5e 3 = 2e 3 + 3e4 , Q e 4 = -e 3 - e 4 , (A.2) 

Q e 5 = e 6 , Q e 6 = -e 5 - e 6 . 

The twist Q allows for five independent real deformations of the metric g and five real 
deformations of the anti-symmetric tensor b. As before, these results follow again from 
solving the equations Q l gQ = g and Q l bQ = b: 
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(A.3) 



withy = — i(3-Ri-R 3 cos 6>i 3 — y^-Ri-Rs cos #23) and the five real parameters R\, R 2 , R 2 , 6*13, 623. 
For the choice 6*13 = #23 = 7r/2, we get the metric one obtains from the Cartan matrices 
back. For b we find 
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with the five real parameters b\ 
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(A.4) 



62, 



64, 



65. We see that we get 5 untwisted Kahler 
moduli in this orbifold, while the complex structure is completely fixed. 

It is possible to fix the complex structure up to a few constants by choosing a suitable 
ansatz such that it repects the twist without the use of the lattice vectors: 



dz 1 =a (-(1 + e 27 ™ /6 ) dx 1 + dx 2 ) + b (-(1 + e 2 ™ /6 ) dx 3 + cfe 4 ), 
dz 2 =c (-(1 + e 27 ™ /6 ) dx 1 + dx 2 ) + d (-(1 + e 2ni/6 )dx 3 + dx 4 ), 
dz 3 =e (e" 2 ™/ 3 cfe 5 + dx 6 ). 



(A.5) 
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a, b, c, d and e are constants left unfixed by the twist alone. In the following, we will 
choose a, d, e such that dx 1 , dx 3 , dx 5 have the coefficient one and set b = c = 0, so the 
complex structure takes the following form: 

dz 1 =dx 1 + ^=e 5ni/6 dx 2 , 

Vs 

dz 2 =dx 3 + ^=e 5 ^ 6 dx 4 , ( A - 6 ) 

dz 3 =3 1/4 (dx 5 +e 27rt/3 dx 6 ). 

Now we proceed as outlined in section 2. From the metric ( |A.3| ) we can easily read off the 
Kahler form, which expressed in the complex coordinates ( |A.6| ) reads 

-iJ=R 2 dz 1 A dz 1 + R% dz 2 Adz 2 + —= R\ dz 3 A dz 3 

+ 2 R X R Z [(e 2? ™ /6 cos #i3 + % cos # 23 ) dz 2 A c^ 1 + (e" 2 ™ /6 cos 6 13 - i cos 8 23 ) dz 1 A c^ 2 ] 

(A.7) 

To be able to read off the Kahler moduli, we must look at the real cohomology. The five 
untwisted (1, 1) -forms that are invariant under this orbifold twist are 



ui\ = dx 1 A dx 2 , UJ2 = dx 3 A dx 4 , ujs = dx 5 A dx 6 , 

U4 = dx 2 A dx 3 — dx 1 A dx 4 , ^5 = 3 dx 1 A dx 3 — 3 dx 1 A dx 4 + dx 2 A dx 4 . 



(A.t 



The -B-field ( |A.4j ) has the simple form 

B = bi Uj + 64 u 2 + b 5 uj 3 + 63 + b 2 u 5 . (A-9) 



The Kahler form expanded in the real cohomology is 

J =^= { R\ wi + R\ UJ2 + 3R 2 u 3 

2 

— 2 -R1-R3 [ cos 6*i3 CJ4 ^(13\/3 cos 6*13 + 29 cos 6*23) W5]}. 

v3 

Via J + i B = T l uji the Kahler moduli can now be easily read off: 

T x = ^=R\+ib u T 2 = ^R 2 + ib A , T 3 = —R 2 + ib 5 , 
2v/3 2v/3 2 5 

T 4 = — -= R x Rz cos 6»i3 + i 63, = \ R1R3 (13V3 cos i3 + 29 cos 6» 23 ) + 6 2 . 
V 3 3 



(A.10) 



(A.11) 



G2 x (SU(3)) 2 -lattice with generalized Coxeter element 
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On the root lattice of G 2 x (SU(3)) 2 , we act with the generalized Coxeter twist 
Q = S1S2S3S4P3GP45, as explained in section 3. It has the following action: 



<5ei = 2ei+3e 2 , Q e 2 = —e\ - e 2 , 

Q e 3 = e 6 , Q e 4 = e 5 , 

Q e 5 = -e 3 - e 4 , Q e 6 = e 4 . 



(A.12) 



As before, the twist Q allows for five independent real deformations of the metric g and 
five real deformations of the anti-symmetric tensor b: 
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(A.13) 



with x = -^(-Ri-R 5 (cos6>25 +cos6> 2 6), y = -^R\Rh cos #25, 2 = -^RiRs cos 6>26 and the 
five real parameters , 6*25, 6*26 and O^q. For 6 we find 
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(A.14) 



with the five real parameters 61, b 2 , 63, 64, 65. 
For the complex structure, we find 

dz 1 =a (-(1 + e 2 ™/ 6 ) dx 1 + dx 2 ) + b (e~ 2 ^/ 3 dx 3 + dx 4 + e 2 ^ 6 dx 5 + e~ 2 ^ 6 dx 6 ), 
dz 2 =c (- (1 + e 2 ™/ 6 ) cfe 1 + dx 2 ) + d (e~ 27Tl / 3 dx 3 + dx 4 + e 27ri / 6 dx 5 + e~ 2 ^ 6 dx 6 ) , 
dz 3 =e (e- 27Tl / 3 dx 3 + dx 4 + e- 27ri / 3 dx 5 + e 2 ™/ 3 dx 6 ). 

(A.15) 

a, 6, c, d and e are constants left unfixed by the twist. We choose them such that we get 



dz 1 =Z~ 1 ' i (dx' + ^e^dx 2 ), 



dz 2 =^(dx 3 + e 2 ^ 3 dx 4 



dx 5 + e 27Tl/6 dx 6 ), 



(A.16) 



dz 3 =4= (dx 3 + e 2lTl/3 dx 4 + dx 5 - e 2lTl/6 dx 6 ). 
V2 
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The five untwisted (1, l)-forms that are invariant under this orbifold twist are 

uoi = dx 1 A dx 2 , 

uj 2 = 2 dx 1 A dx 3 - dx 1 A dx 4 — 2 dx 1 A dx 5 + dx 1 A dx 6 - dx 2 A dx 3 + dx 2 A dx 4 + dx 2 A dx 5 , 
cjg = dx 1 A dx 3 - 2 dx 1 A dx 4 - dx 1 A dx 5 - dx 1 A dx 6 + dx 2 A dx 4 + dx 2 A dx 6 , 
u 4 = dx 3 A dx 6 + dx 4 A dx 5 - dx 4 A dx 6 , 
w 5 = dx 5 A dx 6 . 

(A.17) 

The S-field ( |A.14| ) has the simple form B = bi ui + b 2 ^2 + ^3 ^3 + b^ U4 + 65 W5. Looking 
at the Kahler form expanded in the real cohomology and with J + i B = T l u)i the Kahler 
moduli are found to be 

1 1 

T 1 = — -= Rj + ih, T 2 = - RiR 5 (cos 6 25 + 20 cos 6 26 ) + i b 2 , 
2v 3 3 

T 3 = -R X R 5 (4 cos 6> 25 - cos 6» 26 ) + % h, (A.18) 

T 4 = cos6»46 + 164, T 5 = -V3i?^+i6 5 . 

A. 2. Z 6 - a -orbifold 

The action of the Zg- //-twist on the complex coordinates is as follows: 

*<— e^V , ^ = i ^ 2 = ^, ^ 3 = -^. (A.19) 

DO D 



Z 6 _// on (5£/(2)) 2 x 5*7(3) x G 2 

The lattices of G 2 and 577(3) are each two-dimensional, while the lattice of SU(2) is 
one-dimensional. We associate the lattice basis vectors e\, e 2 with G 2 , e^, e<± with SU(3) 
and es, e6 with the two 5£7(2)s. The orbifold twist expressed in the complex basis reads 

i _^ 2*iv* i 1 = i 2 = £ 3 = _3 

6 6 6 V ; 

When examining (|A.20f) , we see that the twist of z 3 is merely a Z 2 -reflection. It must 
be associated with the one-dimensional lattices 577(2). The twist action for this case is 
e5 — > -es, e 6 -> -e 6 . 

The twist on corresponds to a Z3-action. This twist must clearly live on the 
577(3)-lattice, whose simple roots are (1,0) and (—1/2, y/3/2). The action of the Coxeter 
element of 577(3) results in e% — > e^, — > —e^ — e^. 
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The twist on z 1 is the Zg twist, living on the (j 2 -root lattice. The Coxeter element 
acts as e\ — > 2e\ + 3e2, e 2 — > —e\ — e 2 which fulfills q 6 = 1. So the full twist Q acts on 
the six roots in the following way: 



Qei = 2ei + 3e 2 , Qe 2 = -ei 
(5e 3 = e 4 , (5e4 = -e 3 -e 4 , 
Q 6i = 6^, i = 5, 6. 



e2, 



(A.21) 



Now we solve for the metric and antisymmetric tensor, using Q f gQ = g and Q f bQ = b. 
We find the following solution for g (which is incidentally the same we get directly from 
the Cartan matrix) : 



9 



(A.22) 

As can be seen, Ri, i?3, i?5, Rq and 6>56 are (real) free parameters. The Z2-twists leave 
their part of the metric completely undetermined. For the antisymmetric tensor b, we get 
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(A.23) 



with the three real parameters bi, 62, bs- Three of the free parameters of g can be combined 
with the three free parameters of b into three complex Kahler moduli, the remaining two 
free parameters of g form one complex structure modulus. 

Using the ansatz ( |2.14p and normalizing the first term to one, we find the following 
complex structure: 



dz 1 
dz 2 
dz 3 



dx 1 + ^=e 57 "/ 6 cfe 2 , 
\/3 



dx + e 
1 



2 ^ 3 dx\ 
(dx 5 +U 3 dx 6 ) 



(A.24) 



R< 



with U 6 = 



6 A6 



W56 



V2haU 3 

the complex structure modulus. The invariant 2-forms are in this relatively simple case 
dx 1 A dx 2 , dx 3 A dx 4 and dx 5 A dx 6 . The Kahler form in complex coordinates has the form 



-iJ = R\ dz 1 Adz 1 + Rj dz 1 Adz 1 + 2 R 5 R 6 sin 6» 56 dz 3 A dz 



^3 



(A.25) 
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Expressed in the real cohomology, it takes the form 
1 „o , 1 . , o 

~2 



J = — ^= R\ dx 1 A dx 2 + i?3 cTc 3 A cfe 4 + i? 5 i2 6 sin 6» 56 dx 5 A cfc 6 , 



2^ 

so via J + i B = T l Ui, we find the three Kahler moduli to take the following form: 

1 



(A.26) 



T 1 = —-Rl + ih, 

T 2 = ^R 2 +ib 2 , 

T 3 = R 5 R 6 sin ^ 56 + ib 3 . 



(A.27) 



5*7(6) x SU(2)-lattice 



On the root lattice of 577(6) x SU(2), the twist Q acts on the six roots in the 
following way: 

Q e, = e i+ i , z = 1, . . .4 , 

Q e 5 = -ex - e 2 - e 3 - e 4 - e 5 , (A. 28) 

Q e 6 = -e 6 • 

The twist Q allows for five independent real deformations of the metric <7 and three real 
deformations of the anti-symmetric tensor b. As before, these results follow from solving 
the equations Q f gQ = g and Q l bQ = b which leads to: 

R\ OL\ 
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9 
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R\ x 
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R 2 Ctl4 
R\ «i 5 

\R\Rq cz\q 
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115 

Rl x 
Rl 
Rl x 
Rl a 15 



Rl 0^14 



R( «i 5 

Rl x 
Rl 
Rl x 



Rl Cti4 
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Rl ct] 



Rl x 
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R\Rq OL\q \ 

—R±Rq a\e 
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— R\Rq Oi\Q 

RiR& a\6 



-R\Rq CXiq R\Rq CXiq — R\Rq CXiq R\Rq CXiq 



R 6 



) 

(A.29) 



x = — o (1 + a i4 + 2cti5), with the arbitrary real parameters R\ , _R|, CK14, 0115, «i6 and 



b = 



( 
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(A.30) 



with the arbitrary real parameters b±, 62, 63. The a-model action for the closed string reads 
in this lattice basis: 

S = d 2 z dx\z) (g + b)ij dx j (z) . (A.31) 
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The aim is to transform the action ([A.31Q into a complex basis {^ l }i=i,2,3 5 where the twist 
Q acts diagonally on the complex coordinates. There are several such bases, the second 
requirement is that the three Kahler moduli T J and complex structure moduli have to 
decouple from each other. 

In the complex basis, the cr-model has the following action!: 

S= l -Jd 2 z[ b {1 , lh -dzW + h.c ] , (A.32) 

where feni) is the matrix containing the Kahler moduli, i.e. (g + b) transformed to the 
complex basis. The action (|A.32| ) must be invariant under the twist and the form of the 
matrix &(i ; i) changes depending on the twist. Again, we transform the action ( |A.31| ) into 
a complex basis {£ l }i=i,2,3 ? where the twist Q acts diagonally on the complex coordinates. 
We use the vielbein 

ei = Aj {cos[(i — l)KjOt + <pj] e.j + sin[(z — l)Kja + <pj] ej+i} , i = 1, • • • , 5 , 

5=1,3,5 

e 6 = i?6 [ cos(A + 05 ) e 5 + sin(A + <fi 5 ) e 6 ] , 



(A.33) 



with 



A\ = I R\ (1 - 3a 14 - 4a 15 ) 
A\ = i R\ (1 + a u ) , 
A\ = 1 R\ (1 + 2a 15 ) , 
cos(A) 



(A.34) 



and Q!=^,/ci = l, «3 = 2 and K5 = 3. The angles 0j are arbitrary reflecting the freedom of 
how to embed our six-dimensional lattice into the orthonormal system {ei}i=i 6- After 
having moved into the real orthonormal basis {ei}t=i,...,6) we have to find the unitary 
transformation, which brings us to the complex basis {^ l }i=i,2,3- Here, we find: 



dz 1 = dx 1 + e 2iri / 6 dx 2 + e 2iri / 3 dx 3 - dx 4 + e~ 27ri / s dx 5 
dz 2 = dx 1 + e 27ri/3 dx 2 + e~ 27ri/3 dx 3 + dx 4 + e 27ri/3 dx 5 



dz 3 ' 



2V3 



- (dx 1 - dx 2 + dx 3 - dx 4 + dx 5 ) + U 3 dx ( 



(A.35) 



8 In the case of rectangular complex coordinates, i.e. z % = x % + iy % ', the action takes the 
form S = I J d 2 z [ b^ 1 ^) i -dz t dz : ' + b{\ > x) i -rdz x 9z^ + h.c ], where 6(1,2) is the matrix containing the 
complex structure moduli. The form of the matrices is determined via the twist, and the number 
of untwisted moduli is manifest in the action (see e.g. 
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We have set the three free angles 4>i to zero after having realized, that they act on each z 1 
just as an overall phase. In the basis QA.35 ) the cr-model action ( A.32 ) takes the form 



3 

S = i I d 2 z TJ dz ° + h - c - 

J 3 = 1 



(A.36) 



where we defined T l = -j and U 3 = ^(1,2)33, with the three Kahler moduli T l M 

T 1 = R\ (1 - 3 a u - 4 a 15 ) + 2 i V3 (h + b 2 ) , 

T 2 = y/3 R\ (1 + a u ) + 2 i (61 - 62) , (A.38) 



T 3 = v 7 ^ i?ii? 6 W 1 + 2 ai5 - 3 a? 6 + 3 i b. 



and the complex structure modulus U 3 : 



R% «i6 + IvSa/I + 2 ais - 3 a 



16 



1 + 2ai 5 



(A.39) 



T/ie (SU(2)) 2 x (SU(3)) 2 -lattice with generalized Coxeter element 

This time, we associate e\ and e2 with Z2. The generalized Coxeter element Q = 
<S'i5'2'S , 3-P36-P45 contains transpositions of the roots of the 5 l L r (3)-factors. Using ( |2 . 1 1| ) and 
the Cartan matrix of 577(3), we find the following for the total twist: 

Qei = -ei, Qe 2 = -e 2 , 

Qe 3 = -e 5 , Qe4 = -e 5 + e 6 , (A.40) 
Qe 5 = e 4 , Qe 6 = e 3 . 

9 The three invariant 2-forms of the real cohomology are in this case 
oj\ = dx l A dx 2 + dx 2 A dx 3 + dx 3 A dx 4 + dx 4 A dx 5 , 

UJ2 = dx 1 A dx 3 — dx 1 A dx 5 + dx 2 A dx A + dx 3 A dx 5 , (A. 37) 

u>3 = dx 1 A dx 6 — dx 2 A dx 6 + dx 3 A dx 6 — dx 4 A (ix 6 + dx 5 A dx 6 . 

It is possible to re-parameterize this result obtained via the vielbein to the language of the other 
examples presented. 
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From Q l g Q = g we find the following g: 
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(A.41) 

Ri, -R2, -R3, #12 and #46 being its five real deformation parameters. For the antisymmetric 
tensor 6, we get 



(A.42) 
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-62 


b 2 


-b 3 


y 



with the three real parameters bi, b 2 , 63. This leads to the complex structure 



dz 1 = -L(dx 3 -e 2 ™/ 3 dx% dz 2 = ^(dx 5 -e 2 ^ 3 dx 6 ), dz 3 
with U 3 = R2/R1 e ldl2 . The invariant real 2-forms are 



{dx 1 +U 3 dx 2 



V2 ImW 3 



u\ = dx 1 A dx 2 , 002 = dx 3 A dx 6 + dx 4 A dx 5 - dx 4 A dx 6 , 
uj 3 = -dx 3 A dx 4 + dx 5 A cfe 6 . 



(A.43) 



(A.44) 



Via B + i J = T l uJi, we find 



T 1 =bi + R1R2 sin #12, T 2 =6 2 + «^2^, T 3 = 63 - i 2y/3Rj cos # 4 6- (A.45) 

a/3 



r/ie St/ (3) x SO (8) -lattice 

On the root lattice of S'L r (3) x 50(8), the twist Q acts on the six roots in the 
following way: 

Q ei = e2, Q e2 = ei + e2 + e3 + e4, 

Q e 3 = — ei - e 2 - e 3 , Qe 4 = — ei - e 2 - e 4 , (A.46) 
Q e 5 = e 6 , Q e 6 = -e 5 - e 6 - 
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The twist Q allows for five independent real deformations of the metric g and three real 
deformations of the anti-symmetric tensor 6: 
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Rl COS 013 


Rl+Rl(-l + cos9 13 ) 





° \ 
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1 p2 


Rl J 
(A.47) 


with 


x = 


= i??cos0i 3 + #3 (#3 + 


121COS034), y 


= -m - - 


Ri (3R\ 


COS 013 + 



i?3cos034)), z = —\R\(Ri + -Ri cos 0i3 + -R3COS034) and the arbitrary real parameters 
Rl, R 3 R 5 , 0i3, 034 and 



b = 



( 
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-61 - 62 
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0/ 



(A.48) 



This leads to the complex structure 



dz 1 = dx 1 + e 2 ™ /6 dx 2 - dx 3 - dx 4 , dz 2 = dx 5 + e 27Zl/3 dx 6 , 
1 



dz 6 = 



(dx 1 - dx 2 + dx 3 + U 3 (dx 1 - dx 2 + dx 4 )), 



(A.49) 



with 

U 3 = -2 + 



3 J Ri(l + cos0i 3 )-iv / 3( J Ri)" 1/2 x 



Ri (2 + cos 0i3 — R3 cos 034) 
x ( 2 .Rii? 2 -R 3 + Ri cos 13 (R\ + Rl - 2R 2 R 3 cos 34 ) 

-R 3 cos 034(^3 - Rl + R1R3 cos 34 )) 1/2 
The invariant 2-forms of the real cohomology are 

ioi = dx 1 A dx 2 + dx 2 A dx 3 + dx 2 A dx 4 , 

u 2 = dx 1 A dx 2 - dx 1 A dx 3 + dx 1 A dx 4 + 2 dx 2 A dx 3 + dx 3 A dx 4 
uj 3 = dx 5 A dx 6 . 



(A.50) 



(A.51) 
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With the invariant 2-forms above, we find the following Kahler moduli: 



a/3 

T l = ~y Ri (R 1 (l- cos 6 13 ) + R 3 cosM), 



T 2 = 



1 



2V3 



(-3 R\ (-1 + cos #13) + 3 R X R 3 cos # 34 + 10a/RiX 



x (2 RxRj -R s 1 +R 1 cos 6 13 {R\ + R\- 2R 2 R 3 cos # 34 ) 
- R 3 cos 34 (i2§ -R\ + R1R3 cos 34 )) 1/2 , 

T* = ^Ri 
2 5 

A. 3. Z 7 -orbifold 

The action of the twist on the complex coordinates has the form 



(A.52) 



e 2 ™ z i 



1 1 9 2 o 3 
v = ■= , v = - , iT = -- 
7 7 7 



(A.53) 



Here, the (only possible) torus lattice for the Z 7 -orbifold is the root lattice of SU(7), 
with the twist Q acting on the six roots in the following way: 



Q ei = e i+1 
Q e 6 = -ei 



, i = 1,...5 , 

e2 - e 3 - e 4 - e 5 



e 6 . 



(A.54) 



The twist Q allows for three independent real deformations of the metric g and three real 
deformations of the anti-symmetric tensor b: 
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with the three real parameter R 2 , cti 2 , 0:13 and 



6 = 
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«12 - «13 , 



(A.55) 
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(A.56) 



with the three real parameter 61, 62, 63. The a-model action for the closed string reads in 
this lattice basis: 

S = d 2 z dx\z) (g + b)ij dx j (z) . (A.57) 
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The aim is to transform the action (|A.57| ) into a complex basis {^ l }i=i,2,3 5 where the twist 
Q acts diagonally on the complex coordinates: 

z* — e 2 "*' 4 z 4 , v^ 1 -, v 2 = \, v 3 = - 3 -. (A.58) 

There are many such bases, but the second requirement is that the three Kahler moduli T J 
and complex structure moduli have to decouple from each other. As a first step, the metric 
( |A.55 ) may be expressed through the Sechsbein e, i.e. g = e l e. This may be obtained from 



Ref. |J0] , where the lattice vectors are expressed as a linear combination of a set of six 
real orthonormal basis vectors ei 

ei = Rj {cos[(z — l)nja + 4>j] efj + sin[(i — l)nja + 4>j] 5 (A. 59) 
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1 „.2i 
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(A.60) 



and ck = -y^ «i = 1, «3 = 2 and = 4. Furthermore, the angles 0j are arbitrary reflecting 
the freedom of how to embedd our six-dimensional lattice into the orthonormal system 
{ej}i=i,...,6- After having moved into the real orthonormal basis {e%}i=x i ...fi, we have to 
find the unitary transformation, which brings us to the complex basis {-2 l }i=i,2,3- After 
some work, we find: 



.6 



dz 1 = dx 1 + (-I) 2 / 7 dx 2 + (-I) 4 / 7 dx 3 + (-I) 6 / 7 dx 4 - (-I) 1 / 7 dx 5 - (-I) 3 / 7 dx 6 

dz 2 = dx 1 + (-I) 4 / 7 dx 2 - (-I) 1 / 7 dx 3 - (-I) 5 / 7 dx 4 + (-I) 2 / 7 dx 5 + (-I) 6 / 7 dx e 

dz 3 = dx 1 - (-I) 1 / 7 dx 2 + (-I) 2 / 7 dx 3 - (-I) 3 / 7 dx 4 + (-I) 4 / 7 dx 5 - (-I) 5 / 7 dx 6 . 

(AM) 

We have set the three free angles (pi to zero after having realized that they act on each z % 
just as an overall phase. Invariance under the Zy-twist is fulfilled for a a-model action of 
the form 

S = ~ / d 2 z Tj 9z J (z) dz J (z) +hc. , (A.62) 
J 3=1 
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with the three Kahler moduli: 



r 1 = + 



?2 sin 



6 3 sin + bi sin (^j^j + b 
T 2 = R 2 -^i b 2 sin (j) + b 3 sin (?f\ - h sin (^j 



(A.63) 



T 3 = Ri 



4 

7* 



61 sm ( - J - 6 2 sin I — I + 63 sin I — 



From the expression ( |A.61| ) we may read off the complex numbers t\ and appearing 
in ( |2.72| ) (with the replacement dx 21-1 — *> dx 1 and dx 21 — > dy l ). In particular, we see 
that all complex structures are already fixed through the orbifold twist. Hence, no further 
restrictions follow from flux quantization rules. Furthermore, the Kahler form is given by: 



J = T 1 dz 1 A dz 1 + T 2 dz 2 A dz 2 + T 3 dz 3 A dz 3 . 



(A.64) 



Hence, the two flux components, which survive the orbifold twist (cf. Table 4), fulfill the 
primitivity condition G 3 A J = C@. 

A. 4. Z12- 1 -orbifold 

The action of the twist on the complex coordinates has the form 



e 2W z % 



1 

12 



12 



5 

12 



(A.66) 



SU(3) x Fi-lattice 



Here, the torus lattice is the root lattice of SU(3) x F±. The action of the twist upon 
the roots is 



Qei = e 2 , Qe 2 = -e 1 - e 2 , Qe 3 = e 4 , 

Qe 4 = e 3 + 3 4 + 2e 5 , Qe 5 = e 6 , Qe 6 = -e 3 - e 4 - e 5 - e 6 . 
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For completeness, we also give the invariant 2-forms of the real cohomology: 

oj\ = dx l A dx 2 + dx 2 A dx 3 + dx 3 A dx 4 + dx 4 A dx 5 + dx 5 A dx 6 , 
u)2 = dx 1 A dx 3 — dx 1 A dx 6 + dx 2 A dx 4 + dx 3 A dx 5 + dx 4 A dx 6 , 
u>3 = dx 1 A dx 4 — dx 1 A dx 5 + dx 2 A dx 5 — dx 2 A dx 6 + dx 3 A dx 6 . 



(A.67) 



(A.65) 



71 



The twist allows for 3 real deformations of the metric, which has the form 
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(A.68) 



/ 



with x = Rl cos 6*34 and Ri, _R 3 and cos 6*34 arbitrary free parameters. Also for the 5-field, 
the twist allows 3 real deformations: 
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(A.69) 



with 61, 6 2 , 63 the arbitrary parameters, so we have three untwisted Kahler moduli and no 
complex structure moduli. The three invariant 2-forms in the real cohomology are 



io\ = dx 1 A dx 2 , 

u 2 = dx 3 A dx 5 - dx 3 A dx 6 + dx 4 " A dx 6 , 
iv 3 = 2 dx 3 A dx 4 + 2 dx 4 A dx 5 + dx 5 A dx 6 . 



(A.70) 



The complex structure turns out to be as follows: 

dz 1 =3" 1 / 4 (dx 3 + e 2 ^ 6 dx 4 + -Ue 11 ™/ 12 ^ 5 + e^ 12 dx 6 ]), 
dz 2 ^ 1 ' 4 (dx' + e^dx 2 ), 

dz 3 =3" 1 /4 (cfa 3 _ ^i/12 dx 4 + J_ [e ^/12 dx 5 + g-W^/]). 

For the Kahler moduli, we find 

r^y^Ri+ib,, 

3 

T 2 =- Rl(-1 + 2 cos #34) + i &2, 



9 
4 



t 3 =;^ + i63 



(A.71) 



(A.72) 



The EQ-lattice 
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When we choose the ^-lattice for the torus lattice, the Coxeter twist acts as 



Qei = e 2 , Qe 2 = e 3 , Qe 3 = e x + e 2 + e 3 + e 4 + e 6 , 

Qe 4 = e 5 , Qe 5 = -ei - e 2 - e 3 - e 4 - e 5 , Qe 6 = —e 1 - e 2 - e 3 - e 6 . 



(A.73) 



The twist allows for 3 real deformations of the metric, which has the form 
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(A.74) 



with x = — \R 2 + R§Rq cos 6*56, y = \(R§ — Rl) — R5R6 cos 6*56, z = R$Rq cos 6*56 and 
i?5, Re and cos 6*56 arbitrary free parameters. Also for the S-field, the twist allows 3 real 
deformations: 



V 






bi 


b 2 -bi- b 3 





h - b 2 


h \ 


-bi 





h 


b 2 - h 





-b 3 


b 2 + bi + b 3 


-h 





h - b 3 


b 2 - bi 


b 2 





-b 2 + h 


-h + b 3 





bi 


-b 3 


b 2 - 6i 





-b 2 + h 


-h 





bs 


-h 


b 3 


-b 2 




-b 3 


/ 



(A.75) 



with bi, b 2 , bs the arbitrary parameters, so we have as expected three untwisted Kahler 
moduli and no complex structure moduli. The invariant 2-form of the real cohomology 
are 



(A.76) 



ui =dx 1 A dx 2 - dx 1 A dx 3 + dx 1 A dx 5 + dx 2 A dx 3 - dx 2 A dx 4 + dx 3 A dx 4 

- dx 3 A dx 5 + dx 4 A dx 5 7 
oo 2 =dx 1 A dx 3 - dx 1 A dx 5 + dx 2 A dx 4 + dx 3 A dx 5 + dx 3 A cfe 6 , 
u) 3 = - dx 1 A dx 3 + dx 1 A dx G - dx 2 A dx G - cfe 3 A dx 4 - dx 4 A cfe 6 + dx 5 A cte 6 . 

The complex structure is 
dz 1 =-j= (dx 1 + e 2 ™' 12 dx 2 + e 2 ™/ 6 dx 3 - dx 4 + e - 10ni ' 12 dx 5 - (1 - i) e 2 ™/ 6 dx 6 ) 
dz 2 =\ (dx 1 + e 2 ™/ V + e" 2 ^/ 3 cte 3 + dx 4 + e 2 ™' 3 dx% 

dz 3 = — j-= (cfe 1 + e- 2 * i/12 dx 2 + e 27 " /6 dx 3 - dx 4 + e 2lTt/12 dx 5 - (1 + i ) e 2 ™ /6 cfe 6 ). 
3V4-v/6 

(A.77) 
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Again we pair J + i B = T l uji in the real cohomology and get the following Kahler moduli: 
T 1 = 2v / 3(2# 2 -# 2 ) +ib u 

T 2 = -(VSR 2 5 + (1 + V3) Rj + R 5 R 6 cos0 56 ) + ib 2 , 



(A.78) 



5 
6 



T 3 = ^ Rj - 6 R 5 R 6 cos 6> 56 + ib 3 . 



A. 5. Z 3 x Z 3 -orbifold 

The two twists act on the complex coordinate as follows: 



Qi : z* — e 2 ^ z< , ^ = , ^1 = | , ^ = -| 
The combined twist Q3 = Q2Q1 is again the well-known Z 3 -twist: 

1 1 n 1 o 2 



(A.79) 



Q3: z* 



Vo = — , Vo = — , V = — 

3 3 3 3 3 



(A.80) 



We expect the root lattice of 577(3) x SU(3) x SU(3) to be the correct one. Lead by past 
experience, we choose for the twists acting on the lattice basis: 



(A.81) 



The twists are the usual Coxeter-twists on SU(3) and reproduce the correct eigenvalues 
and the condition Q s = 1. The combined twist Qs has the form 



Qi ei 


= e 2 , 


Qi e2 = -ei 


- e 2 , 


Qi e 3 = e 3 , Qi e 4 = e 4 


Qi e 5 


= e 6 , 


Qi e 6 = -e 5 


- e 6 , 




<?2ei 


= ei, 


Q 2 e 2 = e 2 , 


Q 2 e 3 


= e 4 , Q 2 e 4 = -e 3 -e 4 


Q1Z5 


= e 6 , 


Q 2 e 6 = -e 5 


- e 6 . 





Q3ei = e 2 , Q 3 e 2 = -ei-e 2 , 
Q3e 3 = e 4 , Q 3 e 4 = -e 3 -e 4 , 
Q3e5 = -e 5 -e 6 , Q3e6=e 5 , 



(A.82) 



and also reproduces the required eigenvalues. The twist on es, e§ is the anti-twist of the 
usual Coxeter-twist. We require the metric to be invariant under all three twists, i.e. we 



impose the three conditions QjgQi = g, 



g = 










V 



1, 2, 3. This leads to the following solution: 



(A.83) 



1 p2 
2 K 1 











\ 


R\ 

















Rl 


1 p2 











1 T>2 

~2 K 3 


m 

















Rl 


Rl J 











1 T>2 

~2 K 5 
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This corresponds exactly to the metric of SU(3) 3 without any extra degrees of freedom. 
The solution for b matches the pattern: 



b = 



( 
















° \ 




-h 




























b 2 
















-b 2 




























-b 3 


V 














-h 


J 



(A.84) 



we therefore know to have three Kahler moduli whereas the complex structure is completely 
fixed (recall that in the simple Z 3 -twist, we had nine Kahler moduli). For the complex 
structure we get 

dz 1 = 3 1 / 4 (dx 1 +e 2 ™/ 3 dx 2 ), 

dz 2 = 3 1 / 4 (dx 3 + e 27 "/ 3 cfe 4 ), (A.85) 
dz 3 = 3 1 / 4 (dx 5 +e- 2 ™/ 3 dx 6 ). 
Examination of the Kahler form yields 



Ti = y^R 2 +i bl , 



T 



2 

T 3 = ^R 2 + ib3 . 



Ri + ib 2 , 



(A.86) 



A. 6. Z 2 x TjQ-orbifold 

The two twists act on the complex coordinate as follows 

1 



Qi : z % 
Q 2 : z i 

The combined twist Q 3 = Q2Q1 is a Z 6 _//-twist: 
Q3: z l 



1 , v\ = - , v\ = , vf = -- 
e 2 ^ z* , v\ = , v 2 = 1 , v 3 = -\ 



(A.87) 



6 



6 



1 



Vo = 



Vo = 



v 3 = 



(A.88) 



3 

6 ' ~ a 6 ' " 6 

We find the root lattice of SU(2) 2 x SU(3) x G 2 to be the correct one. We choose for the 
twists acting on the lattice basis: 



Qi ei = -ei, Qi e 2 = -e 2 , Qi e 3 = e 3 , <5ie 4 = e 4 , 
Qi e 5 = -e 5 , Qi e 6 = -e 6 , 

Q2ei = ei, Q2e2=e 2 , Q 2 e 3 = 2e 3 + 3e 4 , Q2e4 = -e 3 -e 4 , 
Q2e 5 = -e 6 , (52e 6 =e 5 + e 6 . 



(A.89) 
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The twists reproduce the correct eigenvalues and the conditions Q\ — l, Q\ = 1. While the 
other twists are the usual Coxeter- twists, the Q2-twist on es, is a generalized Coxeter- 
twist on SU(3) : namely SiPi 2 . The combined twist Q 3 has the form 



Q3^i = -ei, Q 3 e 2 = -e 2 , 
<2 3 e 3 = 2e 3 + 3e 4 , Q 3 e 4 = -e 3 
Q3e5=e 6 , Q 3 e 6 = -e 5 - e 6 , 



e 4 , 



(A.90) 



and also reproduces the required eigenvalues. We require the metric to be invariant under 
all three twists, i.e. we impose the three conditions QjgQi = g, i = 1,2,3. This leads 
to the following solution: 



(A.91) 





/ R\ R1R2 cos6>i2 
















\ 




R1R2 COS 6*12 


R\ 




























i? 3 


_l/?2 

2-^3 










9 = 










1 p2 


1 p2 

3 n ".i 


























R 


2 
5 


1 p2 






V 













1 
2 


Rl 


Rl 


/ 


The solution for b matches the pattern: 




















/ 61 











° ^ 












-bi 






















b = 








b 2 





















-b 


2 








1 






















-63 












V 








-b 3 


J 









(A.92) 



we therefore know to have three Kahler moduli whereas the complex structure is completely 
fixed. For the complex structure we get 



dz 1 



1 



V2lmU 3 



{dx 1 +U 3 dx 2 ), 



dz 3 = dx 5 + e 27Tl/3 dx 6 , 



(A.93) 



with U 3 = R2I Rie lBl2 . Examination of the Kahler form yields 



T 1 
T 2 

T 3 = ^Rl+ib 3 . 



R1R2 sin 9 12 + ibi, 
2 



(A.94) 
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A. 7. Z 2 x Z 6 > -orbifold 

The two twists act on the complex coordinate as follows: 

Qi ■ — e 2 ™ 1 z l , v\ = \ 

Qi : z l 



e 2irivl z % 



v\ 



1 

6 



vl 





1 

6 



v 3 



1 

2 
2 

"6 



(A.95) 



The combined twist Qs = Q2Q1 is a Z 6 _/-twist: 
Q3 : ^ 



(A.96) 



1 3 1 

- v = — 

6 ' 6 ' 6 ' 

We find the root lattice of SU(S) x G\ to be the correct one. We choose for the twists 
acting on the lattice basis: 



Qi ei = -ei, Qie 2 = -e 2 , <5ie 3 = e 3 , (5ie 4 = e 4 , 
Qi e 5 = -e 5 , Qie 6 = -e 6 , 

Q 2 ei = -e 2 , Q2e 2 = ei + e 2 , Q2 e 3 = 2 e 3 + 3 e 4 , Q2 e 4 = -e 3 - e 4 , 
<52e 5 = -2e 5 - 3e 6 , Q2e 6 =e 5 + e 6 . 



(A.97) 



Here, the Q2^twist on es, e6 is minus the usual Coxeter-twist on SU(S). The twists 
reproduce the correct eigenvalues and the conditions Q\ = 1, Q 2 = 1. The combined twist 
Q 3 has the form 

<23ei=e 2 , Q3e 2 = -ei-e 2 , 

Q 3 e 3 = 2e 3 + 3e 4 , Q 3 e 4 = -e 3 - e 4 , (A. 98) 

Q 3 e 5 = 2 e 5 + 3e 6 , Q 3 e 6 = -e 5 - e 6 , 

and also reproduces the required eigenvalues. We require the metric to be invariant under 
all three twists, i.e. we impose the three conditions QfgQi = g, i = 1,2,3. This leads 
to the following solution: 



9 = 



( Rl 


-\R\ 











° \ 


1 p2 


R\ 




















-R3 


1 p2 














1 p2 


1 p2 
3^3 




















R§ 


1 p2 


V 











1 p2 


l 2 2 


itches the pattern: 












/ 61 








^ 






-bi 













b = 








b 2 












-b 2 





















-b 3 






V 





-h 


J 





(A.99) 



(A.100) 
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we therefore know to have three Kahler moduli whereas the complex structure is completely 
fixed. For the complex structure we get 

dz 1 = Z 1 '* (dx' + e-^dx 2 ), 

dz 2 = dx 3 + ^e 10 ^ 12 dx\ ( , 1fvn 

(A.101) 

dz 3 = dx 5 + ^e 10 ^ 12 dx 6 . 
Examination of the Kahler form yields 



t2 = 27! ^ + ^ 2 ' (A ' 102) 

A. 8. Z 6 x Z 6 -orbifold 

The two twists act on the complex coordinate as follows: 

Qi: z^e^z* , vl = ±, vf = 0, v$ = ~ , 

The combined twist Q 3 = is a Z 6 _/-twist: 

Q 3 :^— e^Sz* , t/J = ± , «J = i , v 3 = ~ . (A.104) 

We find the root lattice of G 2 x G 2 x G 2 to be the correct one. We choose for the twists 
acting on the lattice basis: 

Qi ei = 2ei + 3e 2 , Qi e 2 = -ei - e 2 , <2ie 3 = e 3 , <2ie 4 = e 4 , 
Qi e 5 = 2e 5 + 3e 6 , Qi e 6 = -e 5 - e 6 , 

(A.105) 

Q2ei = ei, Q 2 e2 = e 2 , Q 2 e 3 = 2 e 3 + 3 e 4 , Q2 e 4 = -e 3 - e 4 , 
Q 2 e 5 = 2e 5 + 3e 6 , Q2e6 = -e 5 -e 6 . 

The twists reproduce the correct eigenvalues and the conditions Qf = 1, Q% = 1. The 
combined twist Q 3 has the form 

Q 3 ei = 2ei + 3e 3 , Q3 e 2 = -e\ - e 2 , 

Q3e 3 = 2e 3 + 3e 4 , Q 3 e 4 = -e 3 - e 4 , (A.106) 
Q3e5 = e 5 + 3e 6 , Q 3 e 6 = -e 5 - 2 e 6 , 



(A.103) 
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where the twist on e$, is twice the Coxeter-twist on G 2 - Q3 also reproduces the required 
eigenvalues. We require the metric to be invariant under all three twists, i.e. we impose 



the three conditions Qfg Qi - 


= 9, i = 


1,2,3. 


This leads to the following 




/ Rl 


_I/?2 
2 n l 











\ 




1 p2 


I/?2 
3 U 1 














9 = 








p2 


1 p2 














1 n2 
~2 K 3 


1 p2 

q-"-3 

O J 





















Rl 


1 p2 

2 5 




V 





A 







1 p2 
~ 7 > ri 5 

Z KJ 


\R*b- ' 


The solution for b matches the pattern: 














/ h 








> 








-bi 















b = 








b 2 














-b 2 








1 















-b 3 








V 





-63 


J 





(A.107) 



(A.108) 



we therefore know to have three Kahler moduli whereas the complex structure is completely 
fixed. For the complex structure we get 



dz 1 =3 1 / 4 (dx 1 + ^e 10 ^ 12 dx 2 ), 

dz 2 = 3 1 / 4 (dx 3 + ^e 10 ^ 12 dx 4 ), 

dz 3 = 3 1 / 4 (dx 5 + ^- e - 10 ^ 12 dx 6 ). 
V3 



(A.109) 



Examination of the Kahler form yields 

T l = 

r 2 = 

T 3 = 



1 



2y/3 
1 

1 

2^ 



Rl + ih, 
Rl + ib 2 , 



Rl + ib 3 . 



(A.110) 



Appendix B. Flux solutions for Zn and Zn x ZM _ orbifolds 

In this appendix, we present the flux solutions of the remaining orbifolds we have 
considered in this paper. 
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B.l. Invariant Fluxes 



G 3 


z 3 


Z 4 


Z6-J 


Z6-/7 


z 7 


Zg-/ 


Zs-// 


Zl2-7 


Zl2-// 


7 1 , 7 9 , 7 3 

dz 1 A dz 2 A dz d 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


J— 1 A J 2 A J 3 

az A dz A dz 




















dz 1 A dz 2 A dz 3 




















dz 1 A dz 2 A dz 3 




+ 




+ 






+ 




+ 


dz 1 A dz 2 A dz 3 




















dz 1 A dz 2 A dz 3 




















dz 1 A dz 2 A dz 3 




+ 




+ 






+ 




+ 


dz 1 A dz 2 A dz 3 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 



Table 4: Allowed 3-form fluxes for point group Zjv 



G 3 


Z 2 > 


< z 2 z 3 > 


< z 3 z 2 > 


< Z4 Z4 X Z4 


Z 2 x Z 6 _/ 


z 2 > 


< Z16-H Z 3 X ZlQ 


Z 6 x Z 6 


dz 1 A dz 2 A dz 3 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


dz 1 A dz 2 A dz 3 


+ 




+ 




+ 








dz 1 A dz 2 A dz 3 


+ 
















dz 1 A dz 2 A dz 3 


+ 
















dz 1 A dz 2 A dz 3 


+ 




+ 




+ 








dz 1 A dz 2 A dz 3 


+ 
















dz 1 A dz 2 A dz 3 


+ 
















dz 1 A dz 2 A dz 3 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 



Table 5: Allowed 3-form fluxes for point group Zm x Zn 



The remaining 12 fluxes of the form dz a A dz a A dz b and dz a A dz a A dz b , respectively 
are always projected out and therefore do not appear in the tables. Note, that we have 
for completeness also listed the orbifold groups V e {Z 4 , Z 8 -/, Z 8 -//, Z12-/7}, whose 
tadpoles may only be cancelled in the more general orbifold setups with discrete torsion 
or vector structure. 



B.2. Z 3 -orbifold 

On this orbifold, only the (3, 0)- and (3, 0)-components survive, so the flux takes in 
complex notation the form 

7 G 3 = A U>a + Bq U>b ■ 



(2tt) 2 « 
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We choose the free constants such that dz 1 = dx 1 + e 27 ™/ 3 dx 2 , dz 2 = dx 3 + e 27 ™/ 3 dx 4 and 
dz s = dx 5 + e 2irt / s dx 6 , as suggested in appendix A. The (3, 0)-form on this orbifold takes 
the form 

UA =a +Po + e 27Tl/s (ai + a 2 + a 3 ) + e 2 ™ /6 (ft + [5 2 + fo ). (B.l) 
(jJb is the complex conjugate of the above. For the complex coefficients we find 



o =-^= j-e" 2 ^/ 12 a 1 + e 2 ™/ 12 6 X + [e" 27 "/ 12 c 1 - e 2 ™/ 12 dx] } . 



(B.2) 



Si , 

Expressed in the real 3-forms, the flux takes the form 
1 



- G 3 =(-a 1 + h + iS (-c 1 + d 1 ))(a + /3°) 



( 27r ) " (B.3) 
+ (a 1 + c 1 ) (ai + a 2 + a 3 ) + (h +iSd 1 ) + /3 2 + /3 3 ). 

B.3. Z 6 _ 7 -orbifold 

Again, only the (3, 0)- and (3, 0)-components survive, so the flux takes in complex 
notation the form 

( 27r )2 a / G3 = A ° + s o w Bo . 

The G\ x SU (3) -lattice 

The (3, 0)-form on this orbifold takes the form 

u Ao =«o + ^= e 5ni/6 («! + a 2 ) + e 2 ™/ 3 a 3 + ^ e 27 ™/ 6 (3 

+ -L((3 1+ (3 2 ) + ±e 2 ^ 3 (33. 

u>b is the complex conjugate of the above. For the complex coefficients we find 

A =±= ( e 2 -/i2 a o _ zv /g 6o + lS [e 2«/i2 c o _ iv /3 d ]), 
v3 

S =_L ( e -2-/i2 a o + iA /g bQ _ lS [e -2«/i2 c o + zv /3d ]). 
v3 

Expressed in the real 3-forms, the flux takes the form 

! 7 G 3 =(a° + *S c°) a + \(-2 a + 3 b - iS [2 c° - 3 d ]) («i + « 2 ) 



(B.4) 



(B.5) 



(27r) 2 a' ° v ' 7 u ' 3 

+ (-a + 3 6 - iS (c° - 3 do)) a 3 + (6 + ^ do) /3° 

+ J (-a° + 6 6 - *S [c° - 6 d ] ) (P 1 + P 2 ) + (~a° + 3 b - iS [c° - 3 d ] ) P 3 . 

(B.6) 
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In order for all the real coefficients to be integer, a , b , c° and do should be chosen to be 
multiples of 3. 

The G 2 x (SU (3)) 2 -lattice with generalized Coxeter element 
The (3, 0)-form on this orbifold takes the form 



UAo =2 (a + e 57 "/ 6 ai + e 2 ™/ 3 a 2 - e 2 ™/ 6 a 3 + -±= e 5 ™/ 6 (3 Q 
v 3 v 3 

o;s is the complex conjugate of the above. For the complex coefficients we find 
A = - X - (e 2 ™/ 3 a + v^&o - iS [e 5 ™/ 6 c° + V% do]), 
Bo = -\ (e- 2 ™/ 3 a + v^&o + *S [e" 5 ™ /6 c° + V3d }). 
Expressed in the real 3-forms, the flux takes the form 

1 _ G 3 =(a° + iS c°) ao + (a 1 + iS C 1 ) a x + (a + 3 a 1 + iS [ c° + 3 c 1 ])a 2 



(B.7) 



(B.8) 



(B.9) 



(27T) 2 «' 

+ (-2 a - 3 a 1 - (2 c° + 3 c 1 )) a 3 + (a 1 + iS c 1 ) /3° 
+ (-a - iS c°) /3 1 + (-a - a 1 - iS [ c° + c 1 ]) /3 2 
+ (a° + 2a 1 + zS[c° + 2c 1 ]) / 3 3 . 

5.^. Z 6 _ j 7 -orbifold 

This is a case with one complex structure modulus left unfixed. Therefore one (2, 1)- 
and one (I, 2)-component survive and the flux takes the form 

7 G 3 = Ao u Ao + A 3 ua 3 + B 10 Bq + B 3 u Bz ■ 



(27r) 2 a 

The (SU(6)) x SU "(2) -lattice 

The (3, 0)-form on this orbifold takes the form 

UA ° = \ {(~3ic*o + (i + VS)(ai + a 2 - 6 6 ) + (-z + V3)(f3 3 - 72 -73) 

-1(71 + l4 -S 5 )-U hia 3 - 3i/3 + ^VSPi + V3f3 2 ( B -!0) 
-3z 75 + 3z 76 + >/3(<Si -82- 2S 3 - <J 4 )] } • 
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The one (2, l)-form surviving the twist takes the form 



va 3 =g |(3za + (-i + V3)(«i + «2 - 5 6 ) + (i + Vfyife - 72 - 73) 
+1(71 + 74 - S 5 ) - U \-3ia 3 + 3i(3 + 2y/Spi + Vsp 2 
+3z 75 - 3^6 + V3(S 1 -8 2 - 26s - <y 4 )] } • 



(B.11) 



u>b and ujb 3 are the complex conjugate of the above. For the complex coefficients we find 



f 



Bn = 



+U 
1 



-ao 



A* = 



2ImW 3 
+U 
1 



-bo - + S ( ~Y~ dl ~ id o 



+*7 
f 



a + i ^— ^=a + v^ai^j - 5 ^"^/| c o + >/3« 



Ci - zc 



+*7 



a - i (^— ^=a + v^ai^j + S (~^ C Q + v/ ^ Cl + ^ c o 



(B.12) 



Expressed in the real 3-forms, the flux takes the form 



77: ^ 9 . C3 = J(ao + ^c )(3a + 2/3 3 + 71 - 272 - 273 + 74 - 65) 
(2n) z a 3 

+ (6 + iSd )(-a s + 0o + 75 - 76 ) 

+ |(&! + iSd 1 ){2(3 1 +/3 2 + S 1 -S 2 - 2S 3 - 5 4 ) 

+ (ai + iSc 1 ){a 1 + a 2 + (3 3 - 72 - 73 - S 6 ) . 



(B.13) 



The SU(S) x SO(8)-lattice 
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The (3, 0)-form on this orbifold takes the form 
UAo = - (2 + U 3 ) a + (e" 2 ^/ 6 + U 3 ) a x - (1 + 2 U 3 ) a 2 + e 2 ^ 3 (2 + U 3 ) a 3 
+ {U 3 + e 27Tt/3 (1 + U 3 )) (3° + e 27Tl/3 (1 + 2 U 3 ) ft - e 2lTl/ (1 + U 3 )(3 2 
+ (-1 + e 2 ^/ 3 W 3 ) /3 3 + (1 + e 2 ™/ 6 ) (1 + W 3 ) 72 + (-1 + W 3 ) 74 (B ' 14) 
+ (-1 + e 2 ™/ 3 )(l + U 3 ) 5 2 + e 27 "/ 3 (-1 - U 3 ) 5 4 . 
The one (2, l)-form surviving the twist takes the form 

UM = - (2 + if) a + (e" 2 ^/ 6 + if) ai - (1 + 2 W 3 ) a 2 + e 2 ™/ 3 (2 + if) a 3 
+ {U 3 + e 2 ^/ 3 (1 + if)) (3° + e 2 ^ 3 (1 + 2lf) ft - e 2 ™/ (1 + if) (3 2 
+ (_i + e 2 -/ 3 Z7 3 ) /? 3 + (1 + e 2 ™/ 6 ) (1 + Z7 3 ) 72 + (-1 + Z7 3 ) 74 

+ (-1 + e 2 ^ 3 )(l + if) 5 2 + e 2 ™' 3 (-1 - if) 5 4 . 
u>b and ujb 3 are the complex conjugate of the above. For the complex coefficients we find 

A = 777^7773 {e 27 " /6 (1 + 2Z7 3 ) a 1 + (1 + e 2 ^ 6 U 3 ) a 2 - (e" 2 ^ 6 + if) b 1 - (1 + 21?) b 2 
-iS \-e 2 ^l\l + 2lf) ci + (1 + e 2 ^/ 6 Z7 3 ) c 2 - (e" 2 ^ 6 +Z7 3 ) 4 + (1 + 2W 3 ) d 2 )]} , 

S = 777777^73- {e" 27 "/ 6 (1 + 2U 3 ) a 1 + (1 + e~ 2 ^ 6 U 3 ) a 2 - (e 2 ™/ 6 + U 3 ) b 1 - (1 + 2W 3 ) 6 2 
-iS [-e" 2 ^/ 6 (f + 2U 3 ) a - (1 + e" 2 ™/ 6 W 3 ) c 2 + (e 2 ™/ 6 + W 3 ) di + (1 + 2W 3 ) d 2 )]} , 

A 3 =777^773 {-e 2 ™/ 6 (1 + 2W 3 ) a 1 - (1 + e 2 ™/ 6 U 3 ) a 2 + (e" 2 ^ 6 + U 3 ) b 1 + (1 + 2W 3 ) 6 2 
-iS [e 27 "/ 6 (l + 2W 3 ) ci + (1 + e 2 ™/ 6 W 3 ) c 2 - (e" 2 ^ 6 + U 3 ) d x - (1 + 2U 3 ) d 2 )]} , 

B 3 =777^73 j-e" 2 ^/ 6 (f + 2Z7 3 ) a 1 - (f + e" 2 ^ 6 ^ 3 ) a 2 + (e 2 ^ 6 +U 3 ) b 1 + (l + 2lf) b 2 

-iS [-e- 2 ^ 6 (l + 2U 3 ) ci + (1 + e" 2 ™/ 6 Z7 3 ) c 2 + (e 27 "/ 6 + 1?) d x - (1 + 2U 3 ) d 2 )]} • 

(B.16) 

Expressed in the real 3-forms, the flux takes the form 

_i_ G 3 = (-a 1 + &! + 2 6 2 + (-c 1 + d 1 + 2 d 2 )) a + (a 1 + iS c 1 ) a x 
(2n) z a 

+ (a 2 + iS c 2 ) a 2 + (2 a 1 + a 2 - bi - b 2 + iS (2 c 1 + c 2 - di - d 2 )) a 3 

+ (-a 1 -a 2 + h + b 2 + iS (-c 1 -c 2 + b 1 + b 2 ))(3° + (h + iS d{) (3 1 

+ (b 2 + iSd 2 ) /3 2 + (6i + b 2 + iS (d t + d 2 )) f3 3 - (a 2 + b 2 + iS (c 2 + d 2 )) l2 

+ (-a 1 - a 2 + b 1 + 2b 2 + iS (-c 1 - c 2 + d 1 + 2 d 2 )) 74 

+ (-a 1 + 6i + b 2 + iS (-c 1 + d x + d 2 )) 5 2 

+ (2 a 1 + a 2 - b 2 + iS (2 c 1 + c 2 - d 2 )) 5 4 . 

(B.17) 
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B.5. Z 7 -orbifold 

In section 2 we learned that only the (3, 0)- and the (0, 3)-flux component survive the 
Z7-twist, so 

In appendix A, we calculated the complex structure. With this, we find for the (3, 0)-form: 

ua = - iV7 a + |(7 + iV7) cki + i\fl a 2 - iV7 a 3 - iV7 (3q + iV7 Pi - iV7 j3 2 

+ |(7 - iV7) p 3 - iV7-f! + + ^(-7 + iV7) 73 - iV7^ 4 + (7 + iV7) 75 

- (7 - iV7) 76 -iV7d 1 -(7 + iV7) 5 2 -iV7S 3 + (l- iV7) 5 4 + iV76 5 -(7 + iV7) S 6 . 

(B.18) 

<jJb is simply the complex conjugate of the above. It is possible to express the two complex 
coefficients of the 3-form flux through four of the real coefficients which we may choose 
freely. The other real coefficients are constrained by the form of the flux. For the complex 
coefficients we find 

A = i- [ (1 + iy/7) a + 2 a 1 - iS ((1 + iV7) c° + 2 c 1 ) ], 

14 (B.19) 
B = — [ (1 - iV7) a + 2 a 1 + iS ((1 - iV7) c° + 2 c 1 ) ]. 

Expressed in real coordinates, the flux takes the form 
1 



- G 3 =(a° + iS c°) a + (a 1 + iS c 1 ) a x + (-a - iS c°) a 2 + (a + iS c°) a 3 



(27r) 2 a' 

+ (a + zS c°) /3° + (-a - zS c°) /3 1 + (a + zS c°) /3 2 

+ (a + a 1 + zS (c° + c 1 ))) /3 3 + (a + iS c°) 7l + (-a + iS c°) 72 

+ (-a - a 1 - zS (c° + c 1 )) 73 + (a + zS c°) 74 

+ (a 1 + zSc 1 ) 75 + (-a - a 1 - iS (c° + c 1 )) 7e - (a 1 + zSc 1 ) 5 6 

- (-a - a 1 - iS (c 1 + c 1 )) 5 4 - (a + zS c°) 5 5 - (a 1 + zS c 1 ) 5 2 

- (-a - iSc°) S 3 - (a + iSc°) 5 1 . 

(B.20) 

Z12- 1 -orbij 'old 

This is another case where only the (3, 0)- and the (0, 3)-flux component survive the 
twist, so 

(2-nya 1 ° 3 = A ° UAo + B ° UBo ' 
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The SU(3) x F \-lattice 

Using the complex structure found in appendix A, we find for the (3, 0)-form: 

UAo = - e 27 "/ 12 a + e" 2 ™/ 12 ax + -±= e 2 ™/ 8 (v^e" 2 ™/ 6 a 2 + e" 2 ^ 12 a 3 - iVS Po 

v 2 

+ e" 2 -/ 12 ft + (1 - i) ft - e 2 ™/ 6 ft + (1 + v^) 7 s 

_ 1 e 2«/8 (i + i( 2 + ^3)) $5). 
v2 

a;s is the complex conjugate of the above. For the complex coefficients we find 

Ao = _L e 5 -/12 ffl l + 1 e 2-/6 6 i5 [ 1 e 5^/12 c l 1 e 2^/6 d ] 

Bo =4= e" 5 ^ /12 a 1 + 4= e" 2 ™ /6 6i - i5 [ 4= e" 5 ™ /12 c 1 + ^e" 2 ^ 6 di]. 
\/2 V2 

Expressed in real coordinates, the flux takes the form 

1 - G 3 = - 3 (6i + iS dx) a + (a 1 + iS c 1 ) a x + - (a 1 + 3 b x + iS (c 1 + 3 di)) a 2 



(B.21) 



(B.22) 



(2tt)V ° v 1 ' — 1 ^ ' y " ' 3 

+ (-a 1 + 4= 6i + (c 1 + 4= di)) «3 + I (a 1 + c 1 ) (3° + (h + iS di) /3 1 
v 3 v3 3 

+ ^ (a 1 + 3 6i + z^(c 1 +3di))/3 2 + (v^a 1 -6x +z^(v / 3c 1 -dx))/? 3 . 

(B.23) 

Here we have again some factors of \/3, which in this case can only be got rid of by further 
constraining the real coefficients and fixing S. S = i and a 1 = c 1 , b\ = d\ does the job. 

B.7. Z 3 x Z 3 -orbifold 

Only the (3, 0)- and the (0, 3)-flux component survive the twist, so 

1 



(27r)V ° 3 ~ A ° UA " + B ° UBo ' 
Using the complex structure found in chapter 3, we find for the (3, 0)-form: 

oo Ao = «o + e 2 ™ /3 ai + e 2 ™/ 3 a 2 + e" 2 ^ 3 a 3 + e 27 "/ 3 ft - A - ft + e 27 "/ 3 ft. (B.24) 

o;s is the complex conjugate of the above. For the complex coefficients we find 



A = -^={-i a 1 + e 5 ™/ 6 h + iS [-i c 1 + e 5iri / 6 d 1 ]}, 
V3 

S = -^={i a 1 + e~ 57ri/6 h - iS [i c 1 + e~ 57Tl/6 d 1 ]}. 
v3 
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(B.25) 



Expressed in real coordinates, the flux takes the form 
jt \ , G 3 =(—bi - iS di) a + (a 1 + iS c 1 ) (ati + a 2 ) + (-a 1 +bi +iS (-c 1 + gM) a 3 

+ (a 1 + iSc 1 ) /3° + (h + iSdi) (/3 1 + f3 2 ) + (a 1 - h + iS (c 1 - d t ))) /3 s . 

(B.26) 

B.8. Z 2 x Z 6 -orbifold 

This is a case with one complex structure modulus left unfixed. Therefore one (2, 1)- 
and one (1, 2)-component survive and the flux takes the form 

, n \ , G 3 = A u Ao + A 3 uj Aa + B uj Bq + B 3 u Bi ■ 

The (3, 0)-form on this orbifold takes the form 



1 



u Ao =a + 4= e 5 " l/6 «2 + e 27 " /3 a 3 + ^ (3 1 
V3 v 3 



+ U 3 [ a x - 4= A) + e" 27 " /6 02 + 4= e"" 76 A»] • 



1 

V3™ ' " ^ ' 73 
The one (2, l)-form surviving the twist takes the form 



(B.27) 



v 3 v 3 

+ W 3 [ ai + -L 7 ™/ 6 A) + e 27 " /6 /3 2 + 4= e_7 " /6 • 
V3 v 3 



(B.28) 



a;s and ujb 3 are the complex conjugate of the above. For the complex coefficients we find 



1 



1 



A = TT T<-b + ^e ni / 6 b 2 + U 



.J-n n -r 2 * i / 6 n n + iS( — 
V3 



a -e z ^ b a 2 + iS(^c -e 
v3 



27TI/6 



C 2 



_L e -/6 c 3 + rfi) I 



Br 



V3 



_L ao _ e -2-/6 a2 _ iS { J_ CQ + ,-2^/6 ^ 

v3 v 3 



+ _L e -../e c s_ dl) ]}, 

(& - -^e"/ 6 b 2 +U 3 \ -^=e-™' 6 a + e" 2 ™/ 6 a 2 + ( — ^e"™/ 6 



v^3 Lv/3 

+e 2-/3 C2 __L e W6 c 3 + d )jl 



Co 



S3 =4 |&o - -U" 7 "/ 6 b 2 +U 



U 



1 

7T 



— ^e^/ 6 a + e 27 "/ 6 a 2 + i5 ( — ^e 7 ™/ 6 c 



1 



+e- 2 -/ 3 C2--^e-^/ 6 c 3 +rf 1 ) }, 



(B.29) 
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Expressed in the real 3-forms, the flux takes the form 
—\— G 3 = (a + iS c°) a + [ReU 3 (a + iS c°) 

+ VzimU 3 (a + 2 a 2 + iS (c° + 2 c 2 ))] «i 

+ (a 2 + i,Sc 2 )a 2 + — ^[v / 3ImW 3 (-2 6 + &2) + z(ImW 3 ) 2 S c 3 ) 
-ReU 3 (b 2 -iReU 3 Sc 3 )]a 3 + [b -«^(v / 3ImW 3 (2c 3 -3di) 

+ 3 ReW 3 di] (3° - — ^ [ReW 3 b + ImU 3 (V3 b - —= b 2 ) 
\U | V3 

-i\U 3 \ 2 Sd^p 1 + [b 2 + iS (ReU 3 c 3 + VSlmU 3 (c 3 - 2 fa))] P 2 

+ [ReU 3 (-a 2 -iSc 2 ) + ImW 3 (2 a + 3 a 2 + zS(2 c° + 3 c 2 ))] /3 3 

v3 

(B.30) 

This again presents only a valid flux for certain choices of U 3 like for example e 27 ™/ 6 or 

5. P. Z 2 x Z 6 '-orbifold 

Again, the flux is of the form 

-G3 = A U>A + B U)b ■ 



(2tt)V 

Using the complex structure found in appendix A, we find for the (3, 0)-form: 

00 a = «o + e" 2 ™ /3 c*i + -J= e 5 ^/ 6 (« 2 + a 3 ) - \ Po + \e 2 ™ /3 Pi + -j= e" 5 ™/ 6 (& + ft). 

(B.31) 

a;s is the complex conjugate of the above. For the complex coefficients we find 

A = _L e 5 ™ /6 a 1 + v^e" 5 ™/ 6 61 - iS [-U 5 ™ /6 c 1 + v^e" 57 "/ 6 fa]}, 
v 3 v3 

S = -L e " 5 ™/6 a 1 + v^ e 5 ^ /6 61 + [^ e " 5 ^ /6 c 1 + e 57ri/6 di ]}. 

V3 

Expressed in real coordinates, the flux takes the form 
1 



(B.32) 



(2n) 2 a 



-G 3 = - (a 1 + 3b! + iS (c 1 + 3 fa)) a + (a 1 + iS c 1 ) a x 



+ - (a 1 + 661 + iS(c 1 +6fa))a 2 

+ \ (a 1 + 6 61 + iS (c 1 + 6 fa)) a 3 + \ (a 1 + 3 61 + iS (c 1 + 3 fa)) p° 
+ (61 + iS fa) P 1 + 1 (2 a 1 + 3 61 + iS (2 c 1 + 3 di) (/3 2 + /3 3 ) . 

(B.33) 
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B.10. Z 3 x Z 6 -orbifold 

Again, the flux is of the form 

1 



(27r)V ° 3 = A ° UAo + B ° UBtr 
Using the complex structure found in chapter 2, we find for the (3, 0)-form: 

UAo =a + e 2 ™/ 3 «! + -J= e 5 ™/ 6 a 2 + e" 57 "/ 6 a 3 
+ \e 2 ^ 13 Po ~ 2 P 1 + -J=) e 5 ^/ 6 (3 2 + ± ft. 
ujb is the complex conjugate of the above. For the complex coefficients we find 
A = — 1 -= a 1 + v^e 5 ™/ 6 bx + iS[ — 1 -= c 1 + V3e 57ri/6 di ]}, 

B Q = -L a 1 + v^e" 5 ^/ 6 ^ - z,S [-L c 1 + v^e" 5 ™/ 6 d x ]}. 
v 3 v 3 

Expressed in real coordinates, the flux takes the form 



(B.34) 



(B.35) 



1 1 

y G3 =3 (— bi — iS d\) cxq + (a 1 + iS c 1 ) cti H — (a 1 + 3 &i + z>S (c 1 + 3 di)) «2 



(2yr) 2 a 



+ - (-a 1 +66i -iS(c l -6di))a 3 + - (a 1 + iS c 1 ) (3° + (h + iS d t ) [5 1 
3 3 

+ - (a 1 + 36i +iS(c 1 +3di)/3 2 + - (2a 1 - 3&i + iS(2c 1 - 3di)))/3 3 . 
3 3 



(B.36) 



B.ll. Z 6 x Z 6 -orbifold 

Again, the flux is of the form 

1 



, 2 -G3 = A UA + B UB ■ 

Using the complex structure found in appendix A, we find for the (3, 0)-form: 
oj Ao = a + -j= e 57r ^ 6 (ax + a 2 ) + -±= e~^/ 6 a 3 - -±= e 5 ™/ 6 (3 Q 

<jJb is the complex conjugate of the above. For the complex coefficients we find 

A = -iVSa 1 + 3e 27 "/ 3 &i + iS[-iV3c 1 + 3e 2 ™/ 3 di]}, 
B = iVSa 1 + 3e- 27 "/ 3 6i - iS [iVSc 1 + 3 e" 2 ^ 3 d x ]}. 
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(B.37) 



(B.38) 



Expressed in real coordinates, the flux takes the form 
1 



(2n) 2 a 



-G 3 = -3(bi + iSd^ao + (a 1 + iSc 1 ) {a x + a 2 ) + (-a 1 + 3&i +iS(-c 1 + 3di)) a 3 



+ 1 (a 1 + iSc 1 ) /3° + (h + iSdJ (/3 1 + /3 2 ) + (a 1 - h + iS (c 1 - dj) /3 3 . 

(B.39) 



Appendix C. Cartan matrices of the relevant Lie groups 

SU(n + l) 



A = 



SO(2n) 



Ep, 



A = 



A = 



( 



-1 

2 -2 








V 



-1 



1 2 


-1 


. . 







° \ 


-1 


2 


-1 . . 













-1 


2 -1 . 
















. . 


-1 


2 


-1 


V 





. . 





-1 


2 / 


1 2 


-1 


. . 







° \ 


-1 


2 


-1 . . 













-1 


2 -1 . 
















. . 


-1 


2 


-2 


V 





. . 





-1 


2 / 



•10 



A = 



-1 2 -1 
0-12 

0-1 



V 



\ 





-1 -1 
2 



-1 



-1 
2 



1 2 / 



(C.l) 



(C.2) 



(C.3) 



(C.4) 



(C.5) 



Appendix D. Anti— symmetric tensor and Kahler moduli for heterotic orbifolds 

For completeness we shall present for the two cosets su(2)xsu(2)xu(i) x ^TT^T) an< ^ 
sT^x^J^) ^ ne parameterization of the Kahler moduli on the heterotic side. 
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D 1 Cnset snare SC/(2 ' 2) x SU(hl) 

u.l. lyUbtL space S U(2)xSU(2)xU(l) A U(l) 

On the heterotic side, the twist-invariant 2-form B 2 

B 2 = bi dx 1 Ady 1 +b 2 dx 2 Ady 2 +b 5 dx 3 Ady 3 +b 3 (dx 1 Adx 2 +dy 1 Ady 2 )+b 4 (dx 1 Ady 2 -dy 1 Adx 2 ) 

(D.l) 

is relevant. The twist invariant 2-forms are the Hodge-dual of the invariant 4-forms, given 
in (|2.38| ). Hence, there is a direct correspondence between the expansion of C 4 and B 2 . 
W.r.t. the complex coordinates ( |2.35|) the 2-form B 2 becomes: 

B 2 = ib\ dz 1 A dz 1 + ib 2 dz 2 Adz 2 + ib 5 dz 3 A dz 3 + (b 3 - ib 4 ) dz 1 A dz 2 + (b 3 + ib 4 ) dz 1 A dz 2 . 

(D.2) 

We read off the definition of the (complexified) Kahler moduli T % from expanding the form 
J + iB w.r.t. a basis Uj , j = 1, . . . , hn i) for H 2 (Xq, Z), i.e. J + iB = T J u>j. Hence we 
would conclude: 

T 1 = gil +ih , T 2 = g 22 + ib 2 , T 5 = Re(T 5 ) + i b 5 , 
= gi3 + ib 4 , T 4 = ^14 + ib 3 . 

The Kahler potential takes the same form as in (|2.41| ). In fact, it may be checked, that 
from ( p.41|) the correct metric for the background g, b (given in Eqs. ( |2.34j ) and ( p.l|) ), i.e. 

I Tridg- 1 dg) + \ Tr^db g^db) = ^ -^%dT^dT k 



follows. 



D.2. Coset space 



SU (3,3) 



(D.4) 



SU(3)xSU(3) 

On the heterotic side we consider the twist-invariant 2-form B 2 

B 2 = bi dx 1 A dy 1 + b 2 dx 2 A dy 2 + 63 dx 3 A dy 3 

+ 64 (dx 1 A dx 2 - dy 1 A dx 2 + dy 1 A dy 2 ) + b 5 (dx 1 A dy 2 - dy 1 A dx 2 ) 
+ b G (dx 1 A dx 3 - dy 1 A dx 3 + dy 1 A dy 3 ) + b 7 (dx 1 A dy 3 - dy 1 A dx 3 ) 
+ b 8 (dx 2 A dx 3 - dy 2 A dx 3 + dy 2 A dy 3 ) + b 9 (dx 2 A dy 3 - dy 2 A dx 3 ) , 

which becomes 

B 2 = &! dz 1 A dz 1 + iV3 b 2 dz 2 A dz 2 + b 3 dz 3 A dz 3 

- iV3 (p 64 - 65) dz 1 A dz 2 - iV3 (p b 6 - b 7 ) dz 1 A dz 3 - iV3 (p b 8 - b 9 ) dz 2 A dz 3 

- i\f?> (p 64 - 65) dz 2 A dz 1 - iV3 (p b 6 - b 7 ) dz 3 A dz 1 - iV3 (p b 8 - b 9 ) dz 3 A dz 2 

(D.5) 
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in complex coordinates ( |2.48|) . On the heterotic side, we decompose the form B + iJ w.r.t. 
the integral (twist-invariant) basis of H 2 (Xq : Z), i.e. J + iB = T^ujj to read of the nine 
complexified Kahler moduli T\ This gives: 



r 1 = 


— gn+io-L , 


r 2 = 


Vs 
2 


033 + i h 


v^3 
> T = ~y 955 + 1 b 3 


r 4 = 




+ ^ 64 


3 


V3 


(2 013+014) +* &5 , 


r 6 = 


—j= (9i5 + 2 gie) 


+ i b 6 


5 




(2 015 + 016) +i h , 


r 8 = 


1 . 

--^ (035 + 2 3 e) 


+ i b 8 


5 


79 -+- 


(2 035 + 036) + « &9 ■ 



(D.6) 



Again, the Kahler potential Kjc assumes the same form as in ( j2.54|) . 
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